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ON THE FACTORIZATION OF THREE-DIMENSIONAL TERMINAL
FLOPS
HSIN-KU CHEN
Abstract. We factorize three-dimensional terminal flops into a composition of diviso-
rial contractions to points and blowing-up smooth curves.
1. Introduction
Flops are one of the typical birational maps which occurs naturally in the minimal
model program. It is proved by Kolla´r [9] (for three-dimensional case) and Kawamata
[8] (in general) that minimal models of terminal varieties are connected by flops. As an
consequence, we know that Calabi-Yau threefolds which belong to the same birational
class can be connected by flops. On the other hands, J. A. Chen and Hacon proved that
every steps of three-dimensional terminal MMP can be factorize into a combination of
(inverses of) divisorial contractions to points, blowing-up LCI curves and flops, and the
former two kinds of birational maps are well-understood nowadays. Thus to understanding
flops becomes an important issue in three-dimensional birational geometry.
The simplest flops were constructed by Atiyah and then Reid [16, Part II]. The con-
struction is as follows: they consider a smooth threefold X which contains a K-trivial
smooth rational curve C with normal bundle O(−1)⊕ O(−1) or O ⊕O(−2) (the three-
fold can be taken as a small resolution of a deformation of an A-type Du Val singularity).
After suitably blowing-up and blowing-down smooth rational curves, one can get another
smooth threefold X ′, such that X − C and X ′ − C ′ are isomorphic for some K-trivial
smooth rational curve C ′ on X ′. These flops are known as Atiyah/pagoda flops.
In the late twentieth century rich theories about three-dimensional flops were developed.
Pinkham [15] and Katz-Morrison [6] classified three-dimensional simple smooth flops (that
is, smooth flops with only one flopping curve). Kolla´r [9] gives an explicit local description
of three-dimensional terminal flops. Nevertheless, it is still unclear that how to construct
a meaningful factorization, as in the case of Atiyah flops or pagoda flops. In [15] Pinkham
described an example, which is a factorization of a simple smooth flop with normal bundle
O(1)⊕O(−3). But he had not developed a general theory, and his technique (computing
the normal bundle sequence) can not be applied to non-smooth flops.
In this paper we construct a factorization for three-dimensional terminal flops using
MMP. We will prove the following.
Theorem 1.1. Let X 99K X ′ be a three-dimensional terminal flop. Then X 99K X ′
can be factorize into a composition of divisorial contractions to points, blowing-up smooth
curves contained in smooth loci, and inverses of the above maps.
Combining [3, Theorem 1.1] and [2, Theorem 1.2], we know that
Corollary 1.2. Each step of MMP begin with terminal threefolds can be factorize into
a composition of divisorial contractions to points, blowing-up smooth curves contained in
smooth loci, and inverses of the above maps.
To prove Theorem 1.1, we first factorize three-dimensional terminal flops into a combi-
nation of (inverses of) divisorial contractions and simple smooth flops.
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Theorem 1.3. Let X 99K X ′ be three-dimensional terminal flop. Then X 99K X ′ can be
factorize into a composition of divisorial contractions to points, blowing-up smooth curves
contained in smooth loci, simple smooth flops, and inverses of the above maps.
The basic idea of the proof of Theorem 1.3 is the follows: assume that X 99K X ′ is a
flop over W . We first construct a divisorial contraction W1 →W such that W1 has better
singularities than W . Let Y be a Q-factorizations of W1 and one can run the KY -MMP
over W . The minimal model is a Q-factorization of W , and it may be X or X ′. Assume
that the minimal model of Y over W is X , then the birational map Y 99K X is a sequence
of flips followed by a divisorial contraction. By the result of J. A. Chen and Hacon [3] we
can factorize this birational map into (inverses of) divisorial contractions and flops.
On the other hand, one can show that there exists Y ′ such that either Y 99K Y ′ is
either a flop or an isomorphism, and X ′ is a minimal model of Y ′ over W . One can also
factorize Y ′ 99K X ′ into (inverses of) divisorial contractions and flops. In this way we
get a factorization of X 99K X ′. If X 99K X ′ is not a simple smooth flop, then one can
show that every flops appear in the factorization have better singularities compared with
X 99K X ′. Thus we can factorize X 99K X ′ into a composition of (inverses of) divisorial
contractions and simple smooth flops by induction on the singularities.
Now assume that X 99K X ′ is a simple smooth flop over W . One can first verify
that the singularities of W have only finitely many possibilities. We can construct the
factorization of X 99K X ′ as before, and every steps of the factorization can be written
down explicitly. By direct computation, one can figure out that every flops appear in the
factorization are better than X 99K X ′ (in fact, most of them are Atiyah flops). One can
prove the following theorem. Here a w-morphism is a divisorial contraction to a point
with minimal discrepancy. Please see Section 2.3 for the precise definition.
Theorem 1.4. Let X 99K X ′ be a three-dimensional simple smooth flop over W . Then
X 99K X ′ can be factorize into a composition of w-morphisms, blowing-up smooth curves
contained in smooth loci, and inverses of the above maps.
Moreover,
(1) [16] Assume that W has cA singularities, then X 99K X ′ has a factorization of type
(A(k)) for some k ≥ 1.
(2) Assume that W has cD singularities, then X 99K X ′ has a factorization of type (D(k))
for some k ≥ 0.
(3) Assume that W has cEn singularities, then X 99K X
′ has a factorization of type (En).
In the following notation, the label w means a w-morphism, and the label c means a
blowing-up a smooth curve.
(A(0)) : X ∼= X ′; (A(1)) :
Y
c
  ❆
❆❆
❆❆
❆❆
c
~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
X X ′
; (A(k)) :
Y
c

(A(k−1))
//❴❴❴❴❴❴ Y ′
c

X X ′
.
(D(0)) :
Y(0,1)
c

Y(0,0)
(A(1))
oo❴ ❴ ❴ ❴ ❴ ❴
w

Y ′(0,0)
(A(1))
//❴❴❴❴❴❴
w

Y ′(0,1)
c

Y(1)
c

Y(0)
(A)
//❴❴❴❴❴❴❴ Y ′(0) Y
′
(1)
c

X X ′
;
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(D(k)) :
Y(0,1)
c

Y(0,0)
(A(1))
oo❴ ❴ ❴ ❴ ❴ ❴
w

Y ′(0,0)
(A(1))
//❴❴❴❴❴❴
w

Y ′(0,1)
c

Y(1)
c

Y(0)
(D(k−1))
//❴❴❴❴❴❴❴ Y ′(0) Y
′
(1)
c

X X ′
.
(E6) :
X Y1
coo Y(0,2)
coo Y(0,1,1)
coo
Y(0,1) Y(0,1,0)
(A(1))
OO✤
✤
✤
✤
✤
woo
Y(0,0)
(A(1))
OO✤
✤
✤
✤
✤
Z(0,2)
woo Z(0,1,1)
coo
Z(0,1) Z(0,1,0)
(A(1))
OO✤
✤
✤
✤
✤
woo
Z
(A) or (D)
✤
✤
✤
✤
✤ Z(0,0)
(A(1))
OO✤
✤
✤
✤
✤
woo
Z ′ Z ′(0,0)
(A(1))
✤
✤
✤
✤
✤
woo
Z ′(0,1) Z
′
(0,1,0)
(A(1))
✤
✤
✤
✤
✤
woo
Y ′(0,0)
(A(1))
✤
✤
✤
✤
✤
Z ′(0,2)
woo Z ′(0,1,1)
coo
Y ′(0,1) Y
′
(0,1,0)
(A(1))
✤
✤
✤
✤
✤
woo
X ′ Y ′1
coo Y ′(0,2)
coo Y ′(0,1,1)
coo
.
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(E7) :
X Y¯
coo Y˜
coo Y(0,2,1)
coo
Y(0,2) Y(0,2,0)
woo
(A(1))
OO✤
✤
✤
Y(0,1,1)
c
dd❏❏❏❏❏❏❏❏
Y(0,1) Y(0,1,0)
woo
(A(1))
OO✤
✤
Z¯(1)
w
dd■■■■■■■■
Z¯(0,2)
woo Z¯(0,1,1)
coo
Z¯(0,1) Z¯(0,1,0)
woo
(A(1))
OO✤
✤
Z¯(0) = Z(0)
(A(1))
OO✤
✤
(A(1))
✤
✤
✤
Z(0,1) Z(0,1,0)
woo
(A(1))
✤
✤
Y
(D)
✤
✤
✤ Y(0,0)
woo Z(1)
woo Z(0,2)
woo Z(0,1,1)
coo
Y ′ Y ′(0,0)
woo Z ′(1)
woo Z ′(0,2)
woo Z ′(0,1,1)
coo
Z ′(0,1) Z
′
(0,1,0)
woo
(A(1))
OO✤
✤
Z ′(0) = Z¯
′
(0)
(A(1))
✤
✤
(A(1))
OO✤
✤
Z¯ ′(0,1) Z¯ ′(0,1,0)
woo
(A(1))
✤
✤
Z¯ ′(1)
w
zz✉✉
✉✉
✉✉
✉✉
Z¯ ′(0,2)
woo Z¯ ′(0,1,1)
coo
Y ′(0,1) Y
′
(0,1,0)
woo
(A(1))
✤
✤
Y ′(0,1,1)
c
zz✉✉
✉✉
✉✉
✉
Y ′(0,2) Y
′
(0,2,0)
woo
(A(1))
✤
✤
✤
X ′ Y¯ ′
coo Y˜ ′
coo Y ′(0,2,1)
coo
.
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(E
(1)
8 ) :
X Y1
coo Y(0,2)
coo Y(0,1,1)
coo
Y(0,1) Y(0,1,0)
(A(1))
OO✤
✤
✤
woo
Y(0,0)
(A(1))
OO✤
✤
✤
Z(0,4)
woo Z(0,3,1)
coo
Z(0,3) Z(0,3,0)
woo
(A(1))
OO✤
✤
✤
Z(0,2,1)
c
dd■■■■■■■■■
Z(0,2,0)
(A(1))
OO✤
✤
✤
Z(0,1,1,1)
coo
Z(0,1,1) Z(0,1,1,0)
woo
(A(1))
OO✤
✤
✤
Z(0,1) Z(0,1,0)
woo
(A(1))
OO✤
✤
✤
Z(0,0)
(A(1))
OO✤
✤
✤
Z¯(0,2)
woo Z¯(0,1,2)
woo Z¯(0,1,1,1)
coo
Z¯(0,1,1) Z¯(0,1,1,0)
woo
(A(1))
OO✤
✤
✤
Z¯(0,1) Z¯(0,1,0)
woo
(A(1))
OO✤
✤
✤
Z¯(0,0)
(A(1))
OO✤
✤
✤
Z˜(0,2)
woo Z˜(0,1,2)
woo Z˜(0,1,1,1)
coo
Z˜(0,1,1) Z˜(0,1,1,0)
woo
(A(1))
OO✤
✤
✤
Z˜(0,1) Z˜(0,1,0)
woo
(A(1))
OO✤
✤
✤
Z˜(0)
(A) or (D)
✤
✤
✤
Z˜(0,0)
woo
(A(1))
OO✤
✤
✤
Z˜ ′(0)
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and the diagram from Z˜ ′(0) to X
′ is symmetric.
(E
(2)
8 ) :
X Y1
coo Y(0,2)
coo Y(0,1,2)
coo Y(0,1,1,1)
coo
Y(0,1,1) Y(0,1,1,0)
(A(1))
OO✤
✤
✤
woo
Y(0,1) Y(0,1,0)
(A(1))
OO✤
✤
✤
woo
Y(0,0)
(A(1))
OO✤
✤
✤
Z(0,3)
woo Z(0,2,1)
coo
Z(0,2) Z(0,2,0)
woo
(A(1))
OO✤
✤
✤
Z(0,1,2)
w
ee❏❏❏❏❏❏❏❏❏
Z(0,1,1,1)
coo
Z(0,1,1) Z(0,1,1,0)
woo
(A(1))
OO✤
✤
✤
Z(0,1) Z(0,1,0)
woo
(A(1))
OO✤
✤
✤
Z(0,0)
(A(1))
OO✤
✤
✤
Z¯(0,2)
woo Z¯(0,1,2)
woo Z¯(0,1,1,1)
coo
Z¯(0,1,1) Z¯(0,1,1,0)
woo
(A(1))
OO✤
✤
✤
Z¯(0,1) Z¯(0,1,0)
woo
(A(1))
OO✤
✤
✤
Z¯(0,0)
(A(1))
OO✤
✤
✤
Z˜(0,2)
woo Z˜(0,1,2)
woo Z˜(0,1,1,1)
coo
Z˜(0,1,1) Z˜(0,1,1,0)
woo
(A(1))
OO✤
✤
✤
Z˜(0,1) Z˜(0,1,0)
woo
(A(1))
OO✤
✤
✤
Z˜(0)
(A) or (D)
✤
✤
✤
Z˜(0,0)
woo
(A(1))
OO✤
✤
✤
Z˜ ′(0)
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and the diagram from Z˜ ′(0) to X
′ is symmetric.
We only need to prove Theorem 1.3 and Theorem 1.4. In Section 2 we will recall some
known result about three-dimensional simple smooth flops as well as singularities and fac-
torizations of terminal threefolds. We will discuss the relation between general elephants
of varieties which appears in the factorization in Section 3. The proof of Theorem 1.3 is
given in Section 4. In Section 5 we describe the factorization of flips with very simple
singularities, which is useful in the rest of the article. We construct the factorization of
simple smooth flop over cD points as well as smooth flops over cA2 points in Section 6,
and construct the factorization of simple smooth flops over cE points in Section 7. This
finishes the proof of Theorem 1.4.
I want to thank Jungkai Alfred Chen and Paolo Cascini for discuss this problem with
me. Part of this work was done while the author was visiting the University of Cam-
bridge DPMMS. The author want to thank the University of Cambridge DPMMS for its
hospitality.
2. Preliminaries
2.1. Conventions. In this paper, every varieties are assumed to be terminal threefolds
which are projective and over the complex number.
A flop is diagram of small birational morphisms
X
f   ❆
❆❆
❆❆
❆❆
❆ X
′
f ′}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
W
such that W is Q-Gorenstein, and ρ(X/W ) = ρ(X ′/W ) = 1. Notice that we have
KX = f
∗KW and KX′ = f
′∗KW .
Let X 99K X ′ be a three-dimensional terminal flop. By [9] we know that X and X ′ has
the same singularities and exc(X/W ) ∼= exc(X ′/W ). We say that X 99K X ′ is simple if
exc(X/W ) is irreducible. If X is smooth (resp. terminal, Gorenstein, non-Gorenstein),
then we say that X 99K X ′ is a smooth (resp. terminal, Gorenstein, non-Gorenstein) flop.
If X 99K X ′ is Gorenstein flop, we say that the flop is of type A, D or E if W has cA, cD
or cE singularities, respectively.
A divisorial contraction is a birational morphism Y → X , such that ρ(Y/X) = 1 and
KY is anti-ample over X .
Assume that φ : Z 99K Y is a birational map and H is a divisor on Z. If φ is an
isomorphism on the generic point of H , then we denote the proper transform of H on Y
by HY .
2.2. Simple smooth flops. We briefly introduce the classification of three-dimensional
simple smooth flops.
Definition. Let X 99K X ′ be a three-dimensional simple smooth flop. Let X0 = X
and C0 be the flopping curve. Define Xi+1 = BlCiXi. The exceptional divisor Ei+1 of
Xi+1 → Xi has a ruled surface structure over Ci. If Ei+1 do not isomorphic to P
1 × P1,
then let Ci+1 be the unique negative section.
The normal bundle sequence is a sequence {(ai, bi)}
N
i=0 such that NCi/Xi = OCi(ai) ⊕
OCi(bi) with ai ≥ bi, and aN = bN .
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By [15] and [6] there are seven types of simple smooth flops:
No. Singularity of W normal bundle sequence
1 cA1 (−1,−1)
2 cA1 (0,−2), ..., (0,−2), (−1,−1)
3 cD4 (1,−3), (−1,−2), (−1,−1)
4 cE6 (1,−3), (0,−3), (−1,−2), (−1,−1)
5 cE7 (1,−3), (0,−3), (−1,−2), (−1,−1)
6 cE8 (1,−3), (0,−3), (−1,−2), (−1,−1)
7 cE8 (1,−3), (0,−3), (0,−3), (−1,−2), (−1,−1)
Case No.1 is called Atiyah flop and Case No.2 is called pagoda flop. Using the notation in
Theorem 1.4, it is well-known that (cf. [16, Part II]) the Atiyah flop has a factorization of
type (A(1)) and a pagoda flop with a length n normal bundle sequence has a factorization
of type (A(n)).
Lemma 2.1. Let X 99K X ′ be an Atiyah flop. Let C ⊂ X be the flopping curve and
C ′ ⊂ X ′ be the flopped curve. Let H be a divisor on X. Then the following holds.
(1) Assume that H intersects C transversally at m points, then mult C′HX′ = m.
(2) Assume that H.C = m, then HX′.C
′ = −m.
Proof. Let φ : Y = BlCX → X and φ
′ : Y = BlC′X
′ → X ′ be the common resolution
and let E = exc(φ) = exc(φ′). Then HY intersects E transversally at m curves l1, ..., lm,
such that li maps bijectively to C
′. Hence mult C′HX′ = m.
Now we prove (2). First assume that m > 0 and H intersects C transversally at m
points. Let l be a curve on Y which maps bijectively to C ′. Then we have
HX′ .C
′ = HY .l + (mult C′HX′)E.l = (φ
∗H).l + (mult C′HX′)E.l = 0−m = −m.
In general we can write H = A− B where A and B are ample divisors such that B and
some multiple of A intersects C transversally. One can easily see that H has the desired
property. 
We have the following observation for the underlying space of simple smooth flops.
Lemma 2.2. Assume that (P ∈ W ) is a germ of Gorenstein terminal threefold. Then
there exists a simple smooth flop over W if and only if W is not Q-factorial and there are
exactly one exceptional divisor which has discrepancy one over P .
Proof. Assume that X → W is a flopping contraction such that X is smooth and
exc(X/W ) is irreducible. Then there is only one exceptional divisor E over W with
a(E,X) = 1, namely the divisor obtained by blowing-up the flopping curve on X .
Conversely, if X → W is a flopping contraction with n flopping curves for n > 1, then
blowing-up those curves produces n different exceptional divisors which have discrepancy
one over W . Likewise, if X → W is a flopping contraction such that X has a Gorenstein
singular point P . Then there exists an exceptional divisor F over P such that a(F,X) =
a(F,W ) = 1 (cf. [1]). Since blowing-up a flopping curve always induces an exceptional
divisor with discrepancy one, there are at least two discrepancy one exceptional divisors
over W . 
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2.3. Chen-Hacon factorization.
Definition. Let Z → Y be a divisorial contraction contracts a divisor E to a point P .
We say that Z → Y is a w-morphism if a(Y,E) = 1
rP
, where rP is the Cartier index of
KY near P .
Definition. Let Y be a terminal threefold. The depth of Y , denoted by dep(Y ), is the
minimal length of sequences of w-morphisms of the form
Yk → Yk−1 → · · ·Y1 → Y0 = Y,
such that Yk is Gorenstein.
The generalized depth of Y , denoted by gdep(Y ), is the minimal length of sequences of
w-morphisms of the form
Yk → Yk−1 → · · ·Y1 → Y0 = Y,
such that Yk is smooth. We remark that the sequence of w-morphisms resolving the
singularities with minimal length is called a feasible resolution of Y .
Note that the depth is well-defined by [4, 5] and the generalized depth is well-defined
by [1].
Remark 2.3. One can easily check that if dep(P ) = 1, then P is a 1
2
(1, 1, 1) point. Also,
dep(P ) = 2 only if P is a 1
3
(1, 2, 1) point or a cA/2 point defined by
(xy + z2 + u2 = 0) ⊂ A4(x,y,z,u)/
1
2
(1, 1, 1, 0).
We will need the following properties of depth [3, Proposition 2.15, 3.8, 3.9]:
Proposition 2.4. Let Y be a terminal threefold.
(1) If Z → Y is a divisorial contraction to a point, then dep(Z) ≥ dep(Y )− 1.
(2) If Z → Y is a divisorial contraction to a curve, then dep(Z) ≥ dep(Y ).
(3) If Y 99K Y1 is a flip, then dep(Y ) > dep(Y1).
Theorem 2.5 ([3] Theorem 3.3). Assume that either Y 99K Y1 be a flip over U , or Y → U
is a divisorial contraction to a curve and Y is not Gorenstein over U . Then there exists
a diagram
Z0

··· Zi
❄
❄❄
❄❄
❄❄
❄
Zi+1
}}④④
④④
④④
④④
··· Zk

Y
''PP
PPP
PPP
PPP
PPP
PP Vi

Y1
vv❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧
U
such that Z0 → Y is a w-morphism, Zk → Y1 is a divisorial contraction, Z0 99K Z1 is a
flip or a flop over V0 and Zi 99K Zi+1 is a flip over Vi for i > 0. Y1 → U is a divisorial
contraction to a point if Y → U is divisorial.
Remark 2.6. Notation as in the above theorem. Assume that Z0 99K Z1 is a flop. Let
CZ0 be a flopped curve and CY be the image of CZ0 on Y . Then CY is a flipping curve of
Y 99K Y1. This fact follows from the construction of the diagram.
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3. About elephants
3.1. General elephants. Let X be a germ of a three-dimensional terminal singularity.
Then the general hyperplane section ofX (so called the general elephant ofX) has only Du
Val singularities, please see [17] for more details. The singularity of the general elephant
can be used to measure the singularities of X . In this subsection we will discuss how to
estimate the general elephants of varieties appearing in the Chen-Hacon factorization.
Lemma 3.1. Let W be a terminal threefold. Assume that H is a reduced and irreducible
effective Weil divisor on W such that KW + H is Q-Cartier and H has only Du Val
singularities. Then (W,H) is canonical.
Proof. Let W0 be a Q-factorization of W . Let
Wm →Wm−1 → · · · →W1 →W0 →W
be a sequence of w-morphisms resolving the singularities of Sing(X) ∩H and let Wk →
· · · → Wm be a sequence of blowing-up smooth centers which contained in the singular
locus of HWm, such that (Wk, HWk) is log smooth. Let Ei = exc(Wi → Wi−1). One can
verify that a(Ei,W,H) ≤ 0 for all 1 ≤ i ≤ k. It follows that a(Ei,W,H) = 0 for all i,
since otherwise H can not have canonical singularities. Hence (W,H) is canonical. 
Corollary 3.2. Assume that f : X → W is a birational between terminal threefolds.
Let HW be a reduced and irreducible effective Weil divisor on W such that KW + H is
Q-Cartier and H has only Du Val singularities. If KX + HX = f
∗(KW + H), then HX
has only Du Val singularities and HX → H is a partial resolution.
Proof. We have (W,H) is canonical, hence (X,HX) is canonical. [13, Proposition 5.51]
implies that HX is normal. Hence HX has also Du Val singularities and HX → H is a
partial resolution. 
Corollary 3.3. Assume that Y 99K Y1 is a flip over U and Zk → Y1 is the last step in
the factorization of Theorem 2.5. If Zk → Y1 is a divisorial contraction to a curve C1,
then C1 is smooth.
Proof. Note that C1 is a flipped curve since C1 = CenterY1F1 and CenterY F1 is a point,
where F1 = exc(Zk → Y1). Let HU be a general member of | − KU |. Then HU is Du
Val and HY1 → HU is a partial resolution by Corollary 3.2. Since C1 is a flipped curve,
C1 ⊂ HY1 and it is an exceptional curve of HY1 → HU . Hence C1 should be smooth. 
Assume that either Y 99K Y1 be a flip over U , or Y → U is a divisorial contraction to
a curve and Y is not Gorenstein over U . We have the following diagram
Z0
h

··· Zi
τi ❄
❄❄
❄❄
❄❄
❄
Zi+1
}}④④
④④
④④
④④
··· Zk

Y
g
''PP
PPP
PPP
PPP
PPP
PP Vi
φi

Y1
vv❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧
U
as in Theorem 2.5.
Lemma 3.4. Notation as above. Assume that HU ∈ | −KU | is a reduced and irreducible
effective Weil divisor such that KU +HU is Q-Cartier, HU has only Du Val singularities
and contains the non-isomorphic locus of Y → U . Then HVi ∈ |−KVi| and HVi → HU is
a partial resolution. Moreover, we have HVi 6
∼= HU .
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Proof. If Y → U is small, then KY +HY = g
∗(KU +HU). Assume that it is a divisorial
contraction to a curve C. Since HU is normal, it is smooth at the generic point of C.
Thus we also have KY +HY = g
∗(KU +HU). This implies that HY ∈ | −KY |, hence HY
passes through every non-Gorenstein singular points of Y . Corollary 3.2 implies that HY
has also Du Val singularities. Thus we have
KZ0 +HZ0 = h
∗(KY +HY ) = (g ◦ h)
∗(KU +HU) = (φ0 ◦ τ0)
∗(KU +HU)
by [3, Lemma 2.7 (2)]. Since all Zi are isomorphic in codimension one, we haveKZi+HZi =
(φi ◦ τi)
∗(KU + HU) for all i. Hence KVi + HVi = φ
∗(KU + HU) for all i. This implies
that (Vi, HVi) is canonical and so HVi is normal by [13, Proposition 5.51] for all i. Hence
HVi has also Du Val singularities and HVi → H is a partial resolution. The fact that
HVi 6
∼= HU follows from [3, Lemma 2.7 (3)]. 
Now let W be a germ of three-dimensional non-Q-factorial terminal singularity. Let
W1 →W be a w-morphism and let Y →W1 be a Q-factorization. Let
Y =

Y0 ··· Yi
❄
❄❄
❄❄
❄❄
Yi+1
}}④④
④④
④④
④④
··· Yk

W1

Ui
tt✐✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐ X
rr❡❡❡❡❡❡❡
❡❡❡❡❡❡
❡❡❡❡❡❡
❡❡❡❡❡❡
❡❡❡❡❡
❡❡❡❡❡❡
❡❡❡❡❡❡
W
be a sequence of KY -MMP over W .
Lemma 3.5. Assume that H ∈ | − KW | is a Du Val section such that KY + HY =
φ∗(KW +H), where φ is the morphism Y → W . Then HUi → H is a partial resolution.
Proof. Let ψi be the morphism Ui → W . We have KUi +HUi = φ
∗
i (KW +H), so HUi has
only Du Val singularities and HUi → H is a partial resolution by Corollary 3.2. 
3.2. Gorenstein-elephant’s height. In Section 2.3 we defined the depth of a terminal
threefold, which can be used to measure the non-Gorenstein singularities. In this subsec-
tion we will introduce a new invariant, the Gorenstein-elephant’s height, to measure the
Gorenstein singularities of a terminal threefold.
Definition. LetDV be the set consists of the symbols {Ai}i∈N ,{Dj}j∈N≥4 and {Ek}k=6,7,8.
We define an order in DV by
Ai′ < Ai < Dj′ < Dj < Ek′ < Ek; i
′ < i, j′ < j, k′ < k.
Given two pairs (, n), (′, n′) in DV ×N, we say that (, n) > (′, n′) if either  > ′
or  = ′ and n > n′. If (, n) ∈ DV × N, we define (, n) + 1 to be the element
(, n+ 1).
Let P ∈ X be a three-dimensional terminal singularity. We define the Gorenstein-
elephant’s height, GorE(P ) ∈ (DV × N) ∪ {−∞}, as the following:
(i) If P is a smooth point, define GorE(P ) = −∞.
(ii) If P is a Gorenstein point. Define
GorE(P ) = max

(GE(P ), 1), GorE(Q) + 1 Q ∈ exc(Y → X) where Y → Xis a divisorial contraction to P

 .
Here GE(P ) denotes the type of a general elephant near P .
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(iii) If P is a non-Gorenstein point, define
GorE(P ) = max

GorE(Q) Q ∈ exc(Y → X) where Y → Xis a divisorial contraction to P

 .
If Z is a subset of a terminal threefold X , we define GorE(Z) = max {GorE(P ) P ∈ Z}.
If Y → X is a birational morphism between terminal threefolds, define GorE(Y/X) =
GorE(exc(Y → X)).
Note that the Gorenstein-elephant’s height is well-defined provided that for any divi-
sorial contraction to a Gorenstein point Y → X , we have the Gorenstein singularities
of Y is better than the singularity of X . Since divisorial contractions to points between
terminal threefolds are well-classified, one can verify this property using the classification.
Please see Appendix A for more detail.
Example 3.6.
(1) If P ∈ X is a cyclic quotient singularity, then GorE(P ) = −∞.
(2) If P ∈ X is defined by xy + z2 + uk, then GorE(P ) = (A1, ⌊
k
2
⌋).
(3) If P ∈ X is defined by
(xy + zrm(zr + u)m + unm = 0) ⊂ A4(x,y,z,u)/
1
r
(1, r − 1, 1, r),
then GorE(P ) = (Am−1, n − 2). To compute GorE(P ), notice that Lemma
3.7 implies that there exists a w-morphism Y → X such that GorE(Y/X) =
GorE(P ). Since X has cA/r singularities, every w-morphism over X has the
same singularities. We may assume that Y is obtained by weighted blowing-up
1
r
(1, (m + 1)r − 1, 1, r). There are two non-Gorenstein points and a Gorenstein
singular point on Y . One can check that GorE(Y/X) coming form the Gorenstein
point, which is defined by xy + um + z(n−2)m.
Lemma 3.7. Assume that P ∈ X is a non-Gorenstein point. Then there exists a w-
morphism Y → X over P such that
GorE(P ) = Gor(Y/X).
Proof. This follows from the classification of divisorial contractions to points. Please see
Lemma A.4. 
Proposition 3.8. Let X →W be a birational morphism between terminal threefolds.
(1) If X →W is a divisorial contraction contracts a divisor to a subvariety Z ⊂W , such
that either
(1-i) Z is a point, or
(1-ii) Z is a smooth curve,
then
GorE(X/W ) ≤ GorE(Z).
The inequality is strict if Z contains a Gorenstein singular point.
(2) If X → W is a flipping contraction and X ′ →W is the corresponds flip. Then
GorE(X/W ) ≤ GorE(X ′/W ).
Proof. The statement in case (1-i) follows from the definition. Assume that X →W is a
divisorial contraction to a smooth curve Z which is contained in the smooth locus of W ,
then we know that GorE(Z) = GorE(X/W ) = −∞. We only need to prove (1-ii) in the
case that W is not smooth, and case (2).
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In these two cases we have the factorization
Y0

··· Yi−1 //❴❴❴ Yi //❴❴❴ Yi+1 ··· Yk

X
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘ X
′
vv❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧
W
such that Y0 → X is a w-morphism and Yi 99K Yi+1 is a flop or a flip. If Yi 99K Yi+1 is a
flop, then we have GorE(Yi/W ) = GorE(Yi+1/W ) since the singularities of Yi and Yi+1
are locally isomorphic. Since dep(Yi) and dep(X
′) are all less than dep(X), by induction
on the depth we know that
(a) GorE(Yi/W ) ≤ GorE(Yi+1/W ).
(b) GorE(Yk/W ) ≤ GorE(X
′/W ) and the inequality is strict if the exceptional divisor
of Yk → X
′ maps to a curve which passes through a Gorenstein point.
(c) GorE(X ′/W ) ≤ GorE(Z) in the case (1-ii), and the inequality is strict if the excep-
tional divisor of X ′ →W maps to a Gorenstein point.
We also know that GorE(X/W ) = GorE(Y0/W ) by Lemma 3.7. This proves that
GorE(X/W ) ≤ GorE(X ′/W ) and GorE(X/W ) ≤ GorE(Z) in case (1-ii). Note that
if we are in the case (1-ii) and if Z contains a Gorenstein singular point, then one of the
inequalities in (b) and (c) is strict. Thus we have GorE(X/W ) < GorE(Z). 
4. First factorization
Let X 99K X ′ be a three-dimensional terminal flop over W . Let W1 → W be a w-
morphism and let Y be a Q-factorization of W1.
Lemma 4.1. ρ(Y/W ) = 2.
Proof. One can run KY -MMP over W and we may assume that X is the minimal model.
Since there are only one exceptional divisor on Y over W , there are only one divisorial
contraction in the MMP. Hence ρ(Y/X) = 1 and ρ(Y/W ) should be 2. 
If W1 is Q-factorial, then there are two KW1-negative extremal rays over W . One can
run two different MMP and one may assume that X is one of the minimal model. We
denote the other minimal model by X1. IfW is not Q-factorial, then Y → W is a flopping
contraction. One can construct a flop Y 99K Y ′ over W1 as in [9]. We may assume that
X is a minimal model of Y over W . Let X1 be a minimal model of Y
′ over W .
Lemma 4.2. Notation as above. One has X1 = X
′.
Proof. Assume not, then X1 = X . We will show that this is impossible.
If W is not Q-factorial, we denote
Y = Y0 99K Y1 99K · · ·Yk → X
be theKY -MMP overW , where Yi 99K Yi+1 is a flip and Yk → X is a divisorial contraction.
Similarly we denote
Y ′ = Y ′0 99K Y
′
1 99K · · ·Y
′
k′ → X1
be the KY ′-MMP over W . If W is Q-factorial, we denote
X ← Yk L99 · · · L99 Y1 L99 Y0 =W1 = Y
′
0 99K Y
′
1 99K · · ·Y
′
k′ → X1
be the two different KW1-MMP over W . Assume that X1 = X , then Yk = Y
′
k′ because
Yk → X and Y
′
k′ → X1 = X extracts the same exceptional divisor. Interchanging Yj and
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Y ′j if necessary we may assume that k ≥ k
′. Now N1(Yk/W ) is generated by aKYk-negative
extremal ray and a KYk-positive extremal ray. Yk−1 and Y
′
k′−1 are both the anti-flip along
the KYk-positive extremal ray, hence we have Yk−1
∼= Y ′k′−1. By induction we may assume
that Yk−i ∼= Yk′−i for all i > 0, and so Yi ∼= Y
′ for some i. Since KY ′ is anti-nef but KYi
is not unless i = 0, we know that Y ∼= Y ′ and both Y 99K Y1 and Y
′
99K Y ′1 contract the
same extremal ray, this is impossible. 
In conclusion, we have
Corollary 4.3. Let X 99K X ′ be a three-dimensional terminal flop over W , then there
exists a factorization
X ← Yk L99 · · · L99 Y1 L99 Y0 = Y 99K Y
′ = Y ′0 99K Y
′
1 99K · · ·Y
′
k′ → X1
such that Yi 99K Yi+1 and Y
′
i′ 99K Y
′
i′+1 are flips and either Y = Y
′ or Y 99K Y ′ is a flop.
Convention 4.4. Let Y
(0)
(i) = Yi, U
(0)
(i) = Ui. For any n-tuple I = (a1, ..., an), we denote
In + 1 by the tuple (a1, ..., an + 1). Define
Y
(j)
(I,0)

··· Y
(j)
(I,i)
  ❇
❇❇
❇❇
❇❇
❇
Y
(j)
(I,i+1)
||③③
③③
③③
③③
③
··· Y
(j)
(I,k
(j)
I
)

Y
(j)
I
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
U
(j)
(I,i)

Y
(j)
I+1
uu❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦❦
U
(j)
I
for the factorization of the flip Y
(j)
I 99K Y
(j)
I+1 as in Theorem 2.5. Also, if Y
(j)
(I,k
(j)
I
)
→ Y
(j)
I+1
is a divisorial contraction to a curve such that Y
(j)
(I,k
(j)
I
)
is not Gorenstein over Y
(j)
I+1, then
we define Y
(j+1)
I = Y
(j)
(I,k
(j)
I
)
, U
(j+1)
I = Y
(j)
I+1 and
Y
(j+1)
(I,0)

··· Y
(j+1)
(I,i)
""❊
❊❊
❊❊
❊❊
❊❊
Y
(j+1)
(I,i+1)
||①①
①①
①①
①①
①
··· Y
(j+1)
(I,k
(j+1)
I
)

Y
(j+1)
I
))❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙
U
(j+1)
(I,i)

Y
(j+1)
I+1
uu❥❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥
U
(j+1)
I
be the factorization of Y
(j)
(I,k
(j)
I
)
→ Y
(j)
I+1.
We will keep this convention in the whole article. Nevertheless, in the most situations
every varieties we are studying lying on the same level, namely the superscript (j) are all
the same. In those situations we will omit the superscript and write Y
(j)
I as YI . Moreover,
if H is a divisor on some variety Z which is birational to Y
(j)
I and H intersects the
isomorphism locus of Z 99K Y
(j)
I non-trivially. Then we will denote the proper transform
of H on Y
(j)
I by H
(j)
I or HI (in the case that the superscript can be omit) instead of HY (j)
I
.
Lemma 4.5. If Y(I,0) 99K Y(I,1) is a flop, then it is simple.
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Proof. The flipping curve of YI 99K YI+1 is a tree of P
1’s. Let C1, ..., Ck be those flipping
curves which passing though the non-isomorphic locus of Y(I,0) → YI . Then the proper
transform of Ci on Y(I,0) are all disjoint. Since flopping curves should be connected, the
flop Y(I,0) 99K Y(I,1) is simple. 
Combining Lemma 3.4 and Lemma 3.5, one has
Lemma 4.6. Notation as in Convention 4.4. If H ∈ | −KW | is a Du Val section, then
H
U
(j)
I
∈ | −K
U
(j)
I
| and H
U
(j)
I
→ H is a partial resolution for all possible j, I.
Lemma 4.7. Notation as in Convention 4.4. We have GorE(X/W ) ≥ GorE(Y
(j)
I /W )
for all possible j, I. Moreover, if X contains a Gorenstein singular point over W , then
the inequality is strict.
Proof. Note that every flopping curve on X is smooth. Corollary 3.3 implies that if
Y
(j)
(In,kIn)
→ Y
(j)
In+1
is a divisorial contraction to a curve C, then C should be smooth. Now
the statement follows from Proposition 3.8. 
Proposition 4.8. Any three-dimensional terminal flop can be factorize into a composition
of divisorial contractions to points, blow-up smooth curves in the smooth loci, the inverse
of the above maps, and flops with negative infinity Gorenstein-elephant’s height.
Proof. Assume that X 99K X ′ is a flop over W and let P be the image of exc(X → W )
on W . Define the following invariant
Ξ(P ) =

 GE(P ) if P is a non-Gorenstein point−∞ otherwise .
Here GE(P ) denotes the type of a general elephant near P . We will prove the state-
ment by induction on the pair (GorE(X/W ),Ξ(W ), gdep(W )). We may assume that
GorE(X/W ) 6= −∞. We only need to show that the flop Y 99K Y ′ in Corollary 4.3 and
every flop of the form Y
(j)
I 99K Y
(j)
I+1 are better then X 99K X
′.
Assume first that W is Gorenstein. Then we have GorE(Y
(j)
I /W ) < GorE(X/W ) by
Lemma 4.7, hence the statement is true. If W is not Gorenstein, then we have
GorE(Y
(j)
I /U
(j)
I ) ≤ GorE(Y
(j)
I /W ) ≤ GorE(X/W ).
If one of the inequalities is strict then there is nothing to do. Now we assume that
GorE(Y
(j)
I /U
(j)
I ) = GorE(X/W ). If U
(j)
I is Gorenstein then Ξ(U
(j)
I ) = −∞ < nGorE(W )
so we have done. Assume that U
(j)
I is not Gorenstein. Let H be a general elephant of
W , then H
U
(j)
I
∈ | − K
U
(j)
I
| and H
U
(j)
I
→ H is a partial resolution by Lemma 4.6. Let
Q
(j)
I be the non-isomorphic locus of the flopping contraction Y
(j)
I → U
(j)
I on U
(j)
I , then
Q
(j)
I ∈ HU (j)
I
. Since H
U
(j)
I
→ H is a partial resolution, Ξ(Q
(j)
I ) < Ξ(P ). Similar argument
holds for the flop Y 99K Y ′ over W1 since we also have HW1 ∈ | −KW1| and HW1 → H is
a partial resolution by [3, Lemma 2.7]. 
Proof of Theorem 1.3. Assume that X 99K X ′ is a flop over W . By Proposition 4.8 we
may assume that GorE(X/W ) = −∞. Let P the image of exc(X → W ) on W . We
will prove the statement by induction on the pair (GE(P ), gdep(W )). We need to show
that the flop Y 99K Y ′ in Corollary 4.3 and every flop of the form Y
(j)
(I,0) 99K Y
(j)
(I,1) (using
Convention 4.4) are better then X 99K X ′.
First consider the flop Y 99K Y ′ over W1. Let Q be the non-isomorphic locus of
Y → W1 on W1. Then we have GE(Q) ≤ GE(P ) and gdep(W1) = gdep(W ) − 1 and
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so the statement is true. Now consider the flop Y
(j)
(I,0) 99K Y
(j)
(I,1). If U
(j)
(I,0) is Gorenstein,
then Y
(j)
(I,0) 99K Y
(j)
(I,1) is a simple smooth flop. If U
(j)
(I,0) is not Gorenstein, let Q
(j)
(I,0) be
the non-isomorphic locus of the flopping contraction Y
(j)
(I,0) → U
(j)
(I,0) on U
(j)
(I,0). We know
that Q
(j)
(I,0) is a non-Gorenstein point. Let H be a general elephant of W near P , then
H
U
(j)
(I,0)
∈ | −K
U
(j)
(I,0)
| and H
U
(j)
(I,0)
→ H is a partial resolution by Lemma 4.6. Thus H
U
(j)
(I,0)
passes through Q
(j)
(I,0) and so GE(Q
(j)
(I,0)) < GE(P ) and we have done. 
5. Factorization of flips with simple singularities
Lemma 5.1. Assume that Y 99K Y ′ is an Atiyah flop. Let CY ⊂ Y be the flopping curve,
CY ′ ⊂ Y
′ be the flopped curve and S ⊂ Y be a surface. Assume that either S is smooth
or Sing(S) is pure of dimension one and CY 6⊂ Sing(S). Then either SY ′ is smooth or
Sing(SY ′) is pure of dimension one.
Proof. Let pi : Y˜ = BlCY Y → Y and pi
′ : Y˜ BlCY ′Y
′ → Y ′ be a common resolution of
Y 99K Y ′. Let E = exc(pi) = exc(pi′). First assume that S is smooth.
(i) Assume that CY 6⊂ S. If S.CY > 1 then SY ′ is singular along CY ′ by Lemma 2.1 and
we have done. Assume that S.CY = 1. We have that SY˜ = BlS∩CY S and SY ′
∼= SY˜ .
Hence SY ′ is smooth.
(ii) Assume that CY ⊂ S and CY ′ 6⊂ SY ′. In this case we have SY ′.CY ′ = 1 since
otherwise S won’t be smooth. Now
S ∼= SY˜ = BlSY ′∩CY ′SY ′ .
Since S.CY = −SY ′ .CY ′ = −1, CY is a −1-curve and SY ′ is obtained by contracting
this curve, so SY ′ is also smooth.
(iii) Assume that CY ⊂ S and CY ′ ⊂ SY ′. We have pi
∗S = SY˜ + E. Assume that SY ′ is
not singular along CY ′ , then we also have pi
′∗SY ′ = SY˜ +E = pi
∗S. This implies that
S.CY = SY ′ .CY ′ = 0. Let φ : Y → U and φ
′ : Y ′ → U be the corresponding flopping
contraction. Since S is smooth, SU has only a A1 singularity. Thus SY ′ is smooth
because SY ′ 6∼= SU and there are no intermediate varieties between a A1 singularity
and its minimal resolution.
Now assume that S is not smooth, Sing(S) is pure of dimension one and CY 6⊂ Sing(S).
Let Sing(S)Y ′ be the proper transform of Sing(S) on Y
′. We want to say that Sing(SY ′)
is either Sing(S)Y ′ or CY ′ ∪Sing(S)Y ′ . For any P ∈ Sing(S)∩CY , we have multPS ≥ 2.
Let lP = pi
∗P . Since CY 6⊂ Sing(S), pi
∗S = SY˜ +E. Since multlPE = 1, we have lP ⊂ SY˜ .
We may write
SY˜ ∩ E =
∑
P∈Sing(S)∩CY
mP lP + Γ
for some curve Γ which maps bijectively to CY via pi. If
∑
P mP > 1 or pi
′(Γ) = CY ′
then SY ′ is singular along CY ′ , so Sing(SY ′) = CY ′ ∪ Sing(S)Y ′. Now assume that∑
P mP = 1 and pi
′(Γ) is a point. In this case Sing(SY ′) ∩ CY ′ = pi
′(Γ). It follows that
Sing(S)Y ′ ∩ CY ′ = pi
′(Γ) and so Sing(SY ′) = Sing(S)Y ′ . 
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Convention 5.2. Let YI 99K YI+1 be a flip. We say that the flip has a factorization (∗)
if we have the following diagram
YI¯ //❴❴❴❴
...
YI¯+1
...
Y(I,1,0) //❴❴❴

Y(I,1,1) Y(I,1,2)

Y(I,0) //❴❴❴

Y(I,1) Y(I,2)

YI YI+1
with I¯ = (I, 1, ..., 1, 0), such that
YI¯ → · · ·Y(I,1,2) → Y(I,2) → YI+1
is a sequence of w-morphisms or blowing-up smooth curves
Lemma 5.3. Let YI 99K YI+1 be a flip. Assume that YI 99K YI+1 has a factorization
(∗) as in Convention 5.2 and every flops in the factorization are Atiyah flops. If S is a
surface on YI+1 such that SI′ is smooth in the smooth locus of YI′ for I
′ = (I, 1, .., 1, 2) or
I¯, then either SI has one-dimensional singularities, or SI is smooth in the smooth locus
of YI .
Proof. We know that YI¯ 99K YI can be factorize into a composition of Atiyah flops and w-
morphism. Notice that the singular locus of S(I,1,...,1,1) do not contain the flopped curve of
Y(I,1,...,1,0) 99K Y(I,1,...,1,1) since the flopped curve appears on the smooth locus of Y(I,1,...,1,2).
Lemma 5.1 implies that either S(I,1,...,1,0) has one-dimensional singularities or S(I,1,...,1,0)
is smooth in the smooth locus of Y(I,1,...,1,0). One can see that SYI satisfies the desired
property. 
Lemma 5.4. Let YI 99K YI+1 be a flip such that Y(I,0) 99K Y(I,1) is a simple smooth flop.
Let F(I,0) be the exceptional divisor of Y(I,0) → YI. If F(I,1) is smooth along the flopped
curve of Y(I,0) 99K Y(I,1), then Y(I,0) 99K Y(I,1) is an Atiyah flop.
Proof. Let C(I,1) be the flopped curve on Y(I,1). We have (C(I,1))
2
F(I,1)
< 0 by the Hodge
index theorem [13, Lemma 3.40]. Since F(I,0).C(I,0) > 0 where C(I,0) is the flopping curve,
we have F(I,1).C(I,1) < 0. So
0 > F(I,1).C(I,1) = KF(I,1).C(I,1) = −2− (C(I,1))
2
F(I,1)
> −2,
which implies that F(I,1).C(I,1) = −1. Hence the normal bundle of Y(I,1) along C(I,1) is
O(−1)⊕O(−1) (cf. [16, Remark 5.2]) and so Y(I,0) 99K Y(I,1) is an Atiyah flop. 
Lemma 5.5. Let YI 99K YI+1 be a flip such that Y(I,0) 99K Y(I,1) is a smooth flop. Assume
that both YI and YI+1 has only cA/r singularities of the form
(xy + zr + f(z, u) = 0) ⊂ A4(x,y,z,u)/
1
r
(α,−α, 1, r),
YI 99K YI+1 has a factorization (∗) as in Convention 5.2 and Y(I,I′,0) 99K Y(I,I′,1) is
either an isomorphism or an Atiyah flop for all possible non-empty I ′ = (1, ..., 1). Then
Y(I,0) 99K Y(I,1) is an Atiyah flop.
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Proof. Let F(I,2) be the exceptional divisor of Y(I,2) → YI+1. By the assumption that
YI+1 has only simple cA/r singularities one can verify that F(I,2) satisfied the condition in
Lemma 5.3. Hence either F(I,1) has one-dimensional singularities, or it is smooth in the
smooth locus of Y(I,1). However it can not has one-dimensional singularities since every
curve on Y(I,1) either appear on Y(I,0) or Y(I,2), and F(I,i) is smooth in the smooth locus of
Y(I,i) for i = 0, 2 by the assumption about the singularities of YI and YI+1. Hence F(I,1) is
smooth in the smooth locus of Y(I,1) and now Y(I,0) 99K Y(I,1) is an Atiyah flop by Lemma
5.4. 
Lemma 5.6. Assume that dep(YI) = dep(YI+1) + 1. Then Y(I,0) 99K Y(I,1) is a flop.
Either Y(I,1) → YI+1 is a divisorial contraction to a curve which do not change the depth,
or Y(I,1) 99K Y(I,2) is a flip with dep(Y(I,1)) = dep(Y(I,2)) + 1 and Y(I,2) → YI+1 is a
w-morphism.
Proof. Let C(I,0) be the flipping/flopping curve on Y(I,0) and let F(I,0) be the exceptional
divisor of Y(I,0) → YI . Then we have F(I,0).C(I,0) > 0, hence F(I,1).C(I,1) < 0, where C(I,1)
denotes the flipped/flopped curve on Y(I,1). This implies that C(I,1) ⊂ F(I,1).
Assume that Y(I,0) 99K Y(I,1) is a flip. Then we have
dep(Y(I,1)) ≤ dep(Y(I,0))− 1 = dep(YI)− 2 = dep(YI+1)− 1.
This implies that kI = 1 and Y(I,1) → YI+1 is a w-morphism by Proposition 2.4. Since
F(I,1) is contracted to a point on YI+1, one can easily see that KY(I,1) .C(I,1) < 0, this leads
to a contradiction. Hence Y(I,0) 99K Y(I,1) is a flop.
If Ik = 1, then Y(I,1) → YI+1 is a divisorial contraction to a curve because we have
exp(Y(I,1) → UI) = FY(I,1) . One can see that dep(Y(I,1)) = dep(YI) − 1 = dep(YI+1). If
kI > 1, then kI should be 2 and we have dep(Y(I,2)) = dep(YI+1)− 1. This proves the last
statement. 
Lemma 5.7. Assume that YI 99K YI+1 is a flip such that the flipping curve passes through
only one singular point and GorE(Y ) = −∞. If Y(I,0) 99K Y(I,1) is a flop, then Y(I,0) is a
smooth flop.
Proof. If Y(I,0) is not a smooth flop, then the flopping curve C(I,0) passes through a non-
Gorenstein point. Let HI ∈ | − KYI | be a general elephant of the flipping contraction
YI → UI , then H(I,0) ∈ | − KY(I,0)| by [3, Lemma 2.7 (2)]. Since C(I,0) contains a non-
Gorenstein point, H(I,0) intersects C(I,0) non-trivially. SinceH(I,0).C(I,0) = 0,H(I,0) contain
C(I,0). This implies that HI contains CI , a flipping curve of YI 99K YI+1. Since CI passes
through only one singular point, the flip YI 99K YI+1 is of type IC in Mori’s classification
[12, Theoren 2.2]. It follows that YI has only a cyclic quotient singular point over UI , and
Y(I,0) also has only a cyclic quotient singular point over U(I,0). According to [12, Theorem
2.2.2], the Dynkin diagram of the HUI is of type Dm
◦
◦ · · · ◦ ◦ •
.
Let P(I,0) be the non-Q-factorial point of U(I,0). It follows that near P(I,0) we have HU(I,0)
is of type Ai for i = 3 or m − 1, or Dj for some 4 ≤ j ≤ m − 1. We will prove that any
of those cases can not happen.
(i) HU(I,0) is of type Ai near P(I,0). Then the flopping curve of Y(I,0) 99K Y(I,1) contains
a cyclic quotient point of index i, so P(I,0) is of index i. One can easily see that this
can not happen because P(I,0) can not be a cyclic quotient point, and the general
elephant of a non-cyclic-quotient index i point has at least A2i−1 singularities.
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(ii) HU(I,0) is of type Dj near P(I,0). In this case the flopping curve of Y(I,0) 99K Y(I,1)
contains a cyclic quotient point of index j − 1 and P(I,0) is also an index j − 1
point. The only possibility is that j = 5, Y(I,0) has a
1
4
(1, 3, 1) point over U(I,0) and
P(I,0) is a cAx/4 point. However, since Y(I,0) has a
1
4
(1, 3, 1) point, there is exactly
one exceptional exceptional divisor of discrepancy 1
2
over P(I,0). This is impossible
since every cAx/4 points have at least two exceptional divisor with discrepancy 1
2
[4, Section 7].

Lemma 5.8. Assume that YI 99K YI+1 is a flip such that YI has only one singular point
which is a depth 1 point. Then Y(I,0) 99K Y(I,1) is an Atiyah flop and Y(I,1) → YI+1 is a
blowing-up a smooth curve.
Moreover, we have KYI+1 .CI+1 = 1 if CI+1 is the flipped curve.
Proof. Note that Y(I,0) is smooth. Since there are no flipping contraction begin with a
smooth variety, we have that Y(I,0) 99K Y(I,1) is a flop and Y(I,1) → YI+1 is a blowing-up a
smooth curve by [3, Remark 3.4]. This flop is an Atiyah flop by Lemma 5.5.
Now we know that F(I,1).C(I,1) = −1 by the computation in Lemma 5.4, henceKYI+1 .CI+1 =
1. 
Lemma 5.9. Assume that YI 99K YI+1 is a flip such that YI has only a singular point
which is a depth 2 point. Then we have one of the following factorization.
(1)
Y(I,1,0) //❴❴❴
w

Y(I,1,1)
c

Y(I,0) //❴❴❴
w

Y(I,1) Y(I,2)
w

YI YI+1
.
YI+1 has a
1
2
(1, 1, 1) singularity.
(2)
Y(I,0,0) //❴❴❴
w

Y(I,0,1)
c

Y(I,0)
w

Y(I,1)
c

YI YI+1
.
YI+1 is smooth and a(exc(Y(I,0,1) → Y(I,1)), YI+1) = 2.
(3)
Y(I,1,0) //❴❴❴
w

Y(I,1,1)
c

Y(I,0) //❴❴❴
w

Y(I,1) Y(I,2)

YI YI+1
.
YI+1 is smooth and Y(I,2) → YI+1 is a blowing-up a smooth curve or a point.
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Here every dash maps are Atiyah flops.
Moreover, if the singular point on YI is of type cA/2, then we are in the case (1) or
(3).
Proof. Assume first that Y(I,0) 99K Y(I,1) is a flip. We have dep(Y(I,1)) = 0 and so kI = 1.
The factorization of Y(I,0) 99K Y(I,1) is given by Lemma 5.8. Notice that exc(Y(I,1) → YI+1)
intersects the flipped curve of Y(I,0) 99K Y(I,1) negatively, hence it contains the flipped
curve. This implies that Y(I,1) → YI+1 should be a divisorial contraction to a curve. It is
easy to see that a(exc(Y(I,0,1) → Y(I,1)), YI+1) = 2 and we are in the case (2).
Now assume that Y(I,0) 99K Y(I,1) is a flop. The flop is a smooth flop by Lemma
5.7. If kI = 1 then Y(I,1) → YI+1 is a divisorial contraction to a curve (cf. [3, Remark
3.4]). However we know that Y(I,1) has a
1
2
(1, 1, 1) singularity, so YI+1 can not be smooth.
Since dep(YI+1) ≤ 1, YI+1 has at worst a
1
2
(1, 1, 1) singularity, and there is no divisorial
contraction to a curve contains a cyclic quotient singularity [7, Theorem 5]. Hence kI > 1
and we have a flip Y(I,1) 99K Y(I,2). Now dep(Y(I,2) = 0 so kI = 2 and we have a divisorial
contraction Y(I,2) → YI+1. The factorization of Y(I,1) 99K Y(I,2) is given by Lemma 5.8.
If Y(I,2) → YI+1 is a w-morphism, then dep(YI+1) = 1 and we we are in the case (1).
Otherwise YI+1 is smooth and we are in the case (3).
Now every flops appear in the factorization are Atiyah flops by Lemma 5.5. If the
singular point on YI is of type cA/2, then KYI .CYI = −
1
2
, where CYI is the flipping curve
of YI 99K YI+1. It follows that KY(I,0).CY(I,0) = 0, so Y(I,0) 99K Y(I,1) is a flop. Hence we
are in the case (1) or (3). 
6. Factorizing D-type simple smooth flops
The gaol of this section is to construct the factorization of a D-type simple smooth
flop.
Lemma 6.1. Assume that
W = (x2 + y2z + zn + ug(x, y, z, u) = 0) ⊂ A4
is an isolated cD singularity. After a suitable coordinate change we may write the defining
equation of W as x2 + y2z + λyuk + g(z, u). We say that this equation is a normal form
of the singularity of W .
Proof. After several steps of coordinate change one may assume that W is defined by
f(x, y, z, u) = x2 + y2z + λyuk + µun + y2uh(y, u) + g(z, u). We use the notation that
k =∞ if λ = 0 and n =∞ if µ = 0. Let n(f) = min{n, k}. Then n(f) is finite or W do
not have isolated singularities. We may assume that for all monomial yiuj ∈ h(y, u) we
have j + 1 < n(f). We call such kind of equation a sub-normal form.
In the sub-normal form we may assume that h(y, u) contains only finitely many mono-
mials. If h(y, u) =
∑
i,j aijy
iuj, we define h(y, u)deg y>0 =
∑
i>0,j aijy
iuj. Let
δ(f) =

 min {j y
iuj ∈ h(y, u), i 6= 0} if h(y, u)deg y>0 6= 0,
n(f)− 1 otherwise.
If δ(f) = n(f), then after replace z by z − uh(u) the equation becomes a normal form
and we have done. Now assume that δ(f) < n(f). Let z′ = z+ uh(y, u) and f ′(x, y, z′, u)
be a sub-normal form of f(x, y, z′, u). One may write f ′(x, y, z′, u) = x2 + y2z′ + λyuk +
µun + y2uh′(y, u) + g′(z′, u), where
y2uh′(y, u) =
∑
i 6=0,j
bij(−uh(y, u)degy>0)
iuj −
(∑
i 6=0,j
bij(−uh(y, u)degy>0)
iuj
)
deg y≤1;degu≥n(f
′)
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if g(z, u) =
∑
i,j bijz
iuj. It follows that n(f ′) ≤ n(f) and δ(f ′) ≥ δ(f) if δ(f ′) 6= n(f ′).
Thus by induction on the integer n(f)− δ(f) one can show that every isolated cD singu-
larity admits a normal form. 
Lemma 6.2. Assume that W has a cD4 singularity such that there is only one exceptional
divisor of discrepancy one over W . Let W1 be the unique w-morphism over W . Then W1
has a non-Gorenstein singularity of type 1
2
(1, 1, 1). The other singularities of W1 may
be cD4, cA1 or cA2. Furthermore, assume that there exists a non-Q-factorial Gorenstein
point P of type cD4 on W1, then there is only one exceptional divisor of discrepancy one
over P .
Proof. We may assume that W is defined by f(x, y, z, u) = x2 + y2z + λyuk + g(z, u).
Let f3(y, z, u) be the homogeneous part of degree 3 of f . As discussed in [1, Proposition
15], we have that a w-morphism over W can be obtained by the Weighted blow-up with
following weights:
(i) f3(y, z, u) is irreducible. One can define W1 to be the weighted blow-up with the
weight (2, 1, 1, 1). The only non-Gorenstein singularity of W1 is the origin of the
chart Ux, which is a
1
2
(1, 1, 1) singularity.
(ii) k > 2 and f3(y, z, u) is reducible. After a suitable change of coordinates we may
assume that z3 ∈ g(z, u). One can weighted blow-up (2, 1, 2, 1). In this case there is
a cA/2 singularity on the origin of the chart Uz, which is locally defined by
(x21 + y
2
1 + z
2
1 + u
2k
1 = 0) ⊂ A
4
(x1,y1,z1,u1)
/
1
2
(2, 1, 1, 1),
for some k > 0. Let F be the exceptional divisor which is obtained by weighted
blowing-up W1 with weight w such that w(y1 + z1, y1− z1, u1, x1) =
1
2
(1, k− 1, k, 2).
Then F is also an exceptional divisor of discrepancy one over W , which contradicts
to our assumption. Thus this case won’t happen.
(iii) k = 2 and f3(y, z, u) is reducible. Let W1 be the weighted-blow-up with weight
(2, 2, 1, 1). Then there is a non-Gorenstein singularity on W1 which is locally defined
by
(x22 + y2z2 + u
2
2 = 0) ⊂ A
4
(x2,y2,z2,u2)/
1
2
(2, 1, 1, 1).
Let F be the exceptional divisor obtained by weighted blow-up 1
2
(2, 1, 1, 1). One can
compute that a(W,F ) = 1, hence this case won’t happen.
From now on we assume that f3(y, z, u) is irreducible and W1 is obtained by weighted
blow-up (2, 1, 1, 1). One can check that the chart Ux ⊂ W1 has at worst factorial cA1
singularities and Uy is smooth along u = 0. Note that since f3(y, z, u) is irreducible, either
u3 or yu2 ∈ f3(y, z, u), hence the chart Uu ⊂ W1 is smooth along z = 0. Thus that every
singular point on W1 is contained in Uz. Fix a singular point P ∈ W1. We may assume
that P is the origin of the chart Uz and the local defining equation is y
2 + x2z + g′(z, u)
with mult g′(z, u) ≤ 3. Hence P is a cA1, a cA2 or a cD4 point.
Assume that P is a cD4 point. Note that in this case we have u
3 ∈ f3(y, z, u) and hence
the degree 3 part of y2+x2z+ g′(z, u) is irreducible. Thus there are only one discrepancy
one exceptional divisor over P by the discussion above. 
Because W1 may have cA2 singularities, smooth flops over cA2 points may appear in
the factorization of a type D simple smooth flop. Luckily, the factorization of a smooth
flop over a cA2 point is similar to the factorization of a D-type simple smooth flop. We
will construct the factorization of this two kinds of flops at the same time.
Proposition 6.3. Notation as in Convention 4.4. Assume that X 99K X ′ is a smooth
flop over W such that either
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(i) X 99K X ′ is simple and W has a cD singularity, or
(ii) W has a cA2 singularity.
Then Y(0,1) → Y(1) → X is a sequence of blowing-up smooth curves, Y(0,0) 99K Y(0,1) is an
Atiyah flop, and Y(0,0) → Y(0) is a blowing-up a
1
2
(1, 1, 1) point.
On the other hand, if Y 6∼= Y ′, then Y 99K Y ′ is a flop which is either an A-type simple
smooth flop or satisfies one of the condition (i), (ii) above.
Proof. By Lemma 6.2 in case (i) or by direct computation in case (ii), we know that Y(0)
has only one singular point which is of type 1
2
(1, 1, 1). The factorization now follows from
Lemma 5.8. The last statement follows from Lemma 6.2 (2). 
7. Factorizing E-type simple smooth flop
7.1. Resolving cE singularities. Let W = (x2 + y3 + yg≥3(z, u) + h≥4(z, u) = 0) ⊂ A
4
be a cE singularity. We have
(1) h4(z, u) 6= 0 if X has a cE6 singularity.
(2) g3(z, u) 6= 0 and h4(z, u) = 0 if W has a cE7 singularity.
(3) g3(z, u) = h4(z, u) = 0 and h5(z, u) 6= 0 if W has a cE8 singularities.
We may assume that u4 6∈ h(z, u) (resp. u5 6∈ h(z, u)) if W is cE6 (resp. cE8).
Lemma 7.1. Let wk(x, y, z, u) = (a, b, c, 1) be a weight such that after weighted blow-up
W with respect to wk we get a w-morphism. Here k = a + b + c− 1 equals to the weight
of the defining equation of X. Assume that there is only one exceptional divisor with
discrepancy one over X, then
(1) If 2a = 3b = k, then (a, b, k) = (3, 2, 6).
(2) If k > 3, then neither 2a− 1 = 3b = k nor 3b− 1 = 2a = k.
Proof. Let W ′ → W be the weighted blow-up with weight w and let E be the exceptional
divisor. We have a(W,E) = 1. We want to say that if (1) or (2) is not true, then there
exists an exceptional divisor F over W such that a(W,F ) = 1, which contradicts to our
assumption.
Assume first that (1) is not ture, so that 2a = 3b = k but k > 6. In this case we
have a = 3d and b = 2d for some d > 1. Consider the chart U ′y ⊂ W
′ is defined by
x2 + 1 + g′(y, z, u) = 0 ⊂ A4/1
b
(a,−1, c, 1). The point (±1, 0, 0, 0) is a cyclic quotient
point of type 1
d
(−1, c, 1). Let W ′′ → W ′ be the weighted blow-up 1
d
(d − 1, (c)d, 1). One
can take F = exc(W ′′ →W ).
Now assume that (2) is not true. If 3b− 1 = 2a = k, then the origin of the chart U ′y on
W ′ is a cyclic quotient point of type 1
b
(a, c, 1). Note that a+c = k+1−b = 3b−b = 2b and
a > b since 3b− 1 = 2a. Let W ′′ →W ′ be the weighted blow-up with weight 1
b
(a− b, c, 1)
and we can take F = exc(W ′′ → W ).
Finally assume that 2a−1 = 3b = k. The origin of the chart U ′x onW
′ is a cyclic quotient
point of type 1
a
(b, c, 1). Notice that we have b+ c = k+1− a = a and 2b = 2
3
(2a− 1) > a
because k > 3 implies a > 2. Let W ′′ → W ′ be the weighted blow-up with weight
1
a
(2b− a, 2c, 2) and let F be the exceptional divisor. One can compute that
a(W,F ) ≤
1
a
(3(2b− a) + 2) =
1
a
(2(2a− 1)− 3a+ 2) = 1,
hence a(W,F ) = 1. 
Assume that W is a cEn singularity for n = 6, 7 or 8. We assume that W is defined by
x2 + y3 + yg≥3(z, u) + h≥4(z, u). By [1, Theorem 34, 36, 37] we know that there exists a
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weight wk in the following set

w4 = (2, 2, 1, 1)n=6, w5 = (3, 2, 1, 1)n=6,7, w6 = (3, 2, 2, 1), w8 = (4, 3, 2, 1),
w9 = (5, 3, 2, 1)n=7,8, w12 = (6, 4, 3, 1), w14 = (7, 5, 3, 1)n=7,8,
w18 = (9, 6, 4, 1)n=7,8, w24 = (12, 8, 5, 1)n=8, w30 = (15, 10, 6, 1)n=8


.
such that the weighted blow-up with respect to wk gives a w-morphism W
′ → W .
Lemma 7.2. Notation as above. Assume that W has only one exceptional divisor with
has discrepancy one, then W ′ → W is obtained by weighted blow-up wn−2. Moreover,
if n = 6 then h4(z, u) is not a perfect square. If n = 7, then either u
3 ∈ g(z, u) or
u5 ∈ h(z, u).
Proof. By Lemma 7.1 we know that if W ′ → W is obtained by weighted blow-up the
weight wk, then k ≤ 6. This proves the case when n = 8.
Let E = exc(W ′ → W ). Assume that n = 7. We want to show that if W ′ → W is
obtained by weighted blow-up w6, then there exists an exceptional divisor F 6= E such
that a(W,F ) = 1. We know that W is defined by x2 + y3 + yz3 + yg≥3(z, u) + h≥5(z, u).
The chart U ′z ⊂W
′ is defined by
(x2 + y3 + yz2 + yg′≥2(z, u) + h
′
≥4(z, u) = 0) ⊂ A
4
(x,y,z,u)/
1
2
(1, 0, 1, 1),
which is a cD/2 point.
(i) mult h′(z, u) ≥ 6. Let W ′′ → W ′ be the weighted blow-up with weight 1
2
(3, 4, 1, 1)
and let F = exc(W ′′ → W ).
(ii) mult h′(z, u) = 4 and u4 6∈ h′(z, u). Note that after suitable change of coordinate we
may assume that u2 6∈ g′(z, u). Let W1 → W
′ be the weighted blow-up with weight
1
2
(3, 2, 3, 1). The chart U1,z ⊂ W1 is defined by
x2 + y3 + yz + g1(y, z, u) = 0 ⊂ A
4
(x,y,z,u)/
1
3
(3, 2, 1, 1).
Let W2 → W1 be the weighted blow-up
1
3
(3, 2, 1, 1) (resp. 1
3
(3, 5, 1, 1)) if u3 ∈
g1(y, z, u) (resp. u
3 6∈ g1(y, z, u)). One can see that either F1 = exc(W1 → W
′) or
F2 = exc(W2 →W1) has discrepancy one over W . Let F be this exceptional divisor.
(iii) u4 ∈ h′(z, u). Let W ′′ → W ′ be the weighted blow-up with weight 1
2
(3, 2, 1, 1) and
let F = exc(W ′′ →W ).
Since there always exists an exceptional divisor F over W such that a(W,F ) = 1, we get
a contradiction. Thus when n = 7, W ′ →W should be obtained by weighted blow-up w5.
It is easy to see that w5 defines a w-morphism implies either u
3 ∈ g(z, u) or u5 ∈ h(z, u).
Finally assume that n = 6 and we are going to show that W ′ → W is obtained by
weighted blow-up w4. Equivalently, we want to say that if W
′ → W is obtained by
weighted blow-up w6 or w5, then there exists a exceptional divisor F over W such that
a(W,F ) = 1.
(a) W ′ → W is obtained by weighted blow-up w6. We have that W is defined by x
2 +
y3 + z4 + g(y, z, u). The chart U ′z ⊂ W
′ is defined by
(x2 + y3 + z2 + g′(y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
2
(1, 0, 1, 1),
which is a cA/2 point. For a suitable change of coordinates we may write the defining
equation as (x + iz)(x − iz) + g1(y, u). Define a weight w
′(x + iz, x − iz, u, y) =
(1, 2m − 1, 1, 2), where m = wtw′(g1(y, u)). Let W
′′ → W ′ be the weighted blow-up
with the weight w′, then F = exc(W ′′ →W ′) satisfies that a(W,F ) = 1.
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(b) W ′ → W is obtained by weighted blow-up w5. In this case W is defined by
x2 + xq(z, u) + y3 + g(y, z, u)
and the weight of the defining equation of W with respect w5 is 5. Note that we have
q(z, u) is a non-zero homogeneous polynomial of degree 2. The chart U ′x ⊂ W
′ is a
cyclic quotient point of type 1
3
(2, 1, 1). Let W ′′ → W ′ be the weighted blow-up with
weight 1
3
(2, 1, 1), then F = exc(W ′′ → W ′) satisfies a(W,F ) = 1.
Hence W ′ →W is defined by w4. One can easily see that w4 is a w-morphism only when
h4(z, u) is not a perfect square. 
7.2. Factorizing cE6 flops. In this subsection we assume that X 99K X
′ is a simple
smooth flop over W , such that W has a cE6 singularity. As before we let W1 → W be
a w-morphism, let Y → W1 be a Q-factorization of W1 and construct a diagram as in
Convention 4.4
Lemma 7.3.
(1) W1 has only one singular point, which is a cAx/2 point.
(2) Y 99K Y ′ is a simple flop over the cAx/2 point. Y has a cA/2 point which is of depth
2. There are no other singular point on Y .
(3) For a = 1
2
and 1, there are exactly one exceptional divisor Fa of discrepancy a over
the singular point of Y . One has a(X,F 1
2
) = 2 and a(X,F1) = 2 or 3.
Proof. By Lemma 7.2 we know that W1 →W is obtained by weighted blow-up (2, 2, 1, 1).
One can check that there are only one non-Gorenstein point P ∈ W1, which is a cAx/2
point. Assume that P is Q-factorial, then the only non-Gorenstein point on Y is also a
cAx/2 point. Hence the flipping curve of Y = Y(0) 99K Y(1) should pass through this cAx/2
point and there are no other non-Gorenstein points on the flipping curve. However it is
impossible because of the classification [12, Theorem 2.2]. Hence P is not Q-factorial and
so Y 99K Y ′ is a flop over P . Note that since GorE(Y/W ) = −∞, Y has no Gorenstein
singular points. Hence W1 do not have any Gorenstein singular points, so P is the only
singular point of W1.
Claim. dep(Y ) > 1.
To prove the claim, assume that dep(Y ) = 1. We have that Y 99K Y(1) can be factorize
as in Lemma 5.8. Hence there exists a sequence of blowing-up smooth curves Y(0,1) →
Y(1) → X , so that there exists an Atiyah flop Y(0,1) 99K Y(0,0). However since W has a cE6
singularity, the normal bundle sequence is of length 4, this leads a contradiction. This
proves the claim.
Since dep(Y ) < dep(W1) = 3, we have dep(Y ) = 2. Now the local defining equation of
W1 near P is
(x2 + y2 + g(z, u) = 0) ⊂ A4(x,y,z,u)/
1
2
(0, 1, 1, 1)
such that mult g(z, u) = 4. Direct computation shows that there are exactly one excep-
tional divisor of discrepancy 1
2
over P and exactly two exceptional divisor of discrepancy
one over P . First notice that Y has only one non-Gorenstein point since there are only
one exceptional divisor over Y which has discrepancy less than one. Also Y do not have
Gorenstein singularities because GorE(Y/W ) = −∞. Since dep(Y ) > 1, the flopping
contraction Y → W1 contracts only one flopping curve. There are exactly one exceptional
divisor F 1
2
has discrepancy 1
2
and exactly one exceptional divisor F1 has discrepancy one
over the singular point of Y . This implies that the singular point of Y is a cA/2 point.
Finally the statement about a(X,F 1
2
) and a(X,F1) coming from direct computation.

ON THE FACTORIZATION OF THREE-DIMENSIONAL TERMINAL FLOPS 25
Lemma 7.4. The flop Y 99K Y ′ in Lemma 7.3 can be factorize into
Y ← Z(1) L99 Z(0) 99K Z
′
(0) 99K Z
′
(1) → Y
′,
such that all the arrows are w-morphisms, Z(0) 99K Z(1) and Z
′
(0) 99K Z
′
(1) are flips in
Lemma 5.9 (1) and Z(0) 99K Z
′
(0) is at worst a D-type smooth flop.
Proof. W1 has a cAx/2 singularity which is defined by
(x2 + y2 + g(z, u) = 0) ⊂ A4(x,y,z,u)/
1
2
(0, 1, 1, 1)
with mult g(z, u) = 4. Let W2 → W1 be the weighted blow-up with weight
1
2
(2, 3, 1, 1),
then the non-Gorenstein point on W2 is a
1
3
(2, 1, 1) point and W2 has at worst cD Goren-
stein singularities, hence Z(0) 99K Z
′
(0) is at worst a D-type flop. Since dep(Y ) = 2, we
have dep(Z(1)) ≥ 1 (cf. Proposition 2.4). Hence dep(Z(1)) = 1 and Z(0) 99K Z(1) is given
by Lemma 5.9 (1). This proves the lemma. 
Proposition 7.5. Assume that X 99K X ′ is a simple smooth flop over W such that W
has a cE6 singularity. Then we have a factorization
X ← Y(1) L99 Y(0) = Y 99K Y
′ = Y ′(0) 99K Y
′
(1) → X
′
such that Y(0) 99K Y(1) is given by Lemma 5.9 (3), Y 99K Y
′ is given by Lemma 7.4, and
all other maps are blowing-up smooth curves. The diagram of Y ′ 99K X ′ is symmetric.
Proof. By Lemma 7.3 we know that dep(Y ) = 2. Since Y has cA/2 singularities and Y(1)
is smooth, Y(0) 99K Y(1) is given by Lemma 5.9 (3). 
7.3. Factorizing cE7 flops. In this subsection we assume that X 99K X
′ is a simple
smooth flop over W , such that W has a cE7 singularity.
Lemma 7.6. Y 99K Y ′ is a smooth flop over a cA2 point. There are two singular points
on Y . One of them is a 1
3
(2, 1, 1) point and the other one is a 1
2
(1, 1, 1) point.
Proof. Locally W is defined by x2 + y3 + yz3 + g(y, z, u). By Lemma 7.2 we know that
W1 →W is obtained by weighted blowing-up the weight (3, 2, 1, 1). It is easy to see that
there are two non-Gorenstein points, one of them is a 1
3
(2, 1, 1) point and the other one
is a 1
2
(1, 1, 1) point. Note that the chart Uy ⊂W1 is defined by
(y(x2 + 1) + z3 + g′(y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
2
(1, 0, 1, 1).
One can see that the point P = (±1, 0, 0, 0) is a cA2 point. Since GorE(Y ) = −∞, P is
not Q-factorial and Y 99K Y ′ should be a smooth flop over P . 
Lemma 7.7. Let Y be a terminal threefold contains two 1
2
(1, 1, 1) points. Assume that
Y → U is a birational map contracts C ∼= P1 to a point such that −KY is nef over U
and the two 1
2
(1, 1, 1) points are contained in C. Then KY .C = 0 and there exists a flop
Y 99K Y ′ over U with the following factorization
Y ← Z(1) L99 Z(0) = Z
′
(0) 99K Z
′
(1) → Y
′,
where Z(1) → Y as well as Z
′
(1) → Y
′ are w-morphisms and Z(0) 99K Z(1) as well as
Z ′(0) 99K Z
′
(1) has a factorization given in Lemma 5.9 (1).
Proof. Let P1 and P2 be the two cyclic quotient points. We have that Y → U can not
be a flipping contraction because
∑
i=1,2wPi(0) ≥ 1 (please see [14, (2.3), Theorem 4.9]).
Hence it is a flopping contraction and we have an induced flop Y 99K Y ′. Since there are
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only two discrepancy 1
2
exceptional divisor and one discrepancy 1 exceptional divisor on
U , U has a cA/2 point with the following form
(xy + z4 + u2 + g(z, u) = 0) ⊂ A4(x,y,z,u)/
1
2
(1, 1, 1, 0).
Let Z = Z ′ be the weighted blow-up with weight 1
2
(3, 1, 1, 2), then the only singular point
on Z is a 1
3
(1, 1, 2) point. Hence dep(Z) = 2.
On the other hand, Z(k) → Y is a w-morphism, so dep(Z(k)) = dep(Y ) − 1 = 1. This
implies that k = 1. The factorization of Z(0) 99K Z(1) is given by Lemma 5.9. 
Proposition 7.8. Assume that X 99K X ′ is a simple smooth flop over W such that W
has a cE7 singularity. Then there exists a factorization
X ← Y¯ ← Y˜ L99 Y(0,2) L99 Y(0,1) L99 Y(0,0) → Y(0) = Y 99K Y
′ = Y ′(0) ← Y
′
(0,0)
99K Y ′(0,1) 99K Y
′
(0,2) 99K Y˜
′ → Y¯ ′ → X ′
such that Y˜ → Y¯ → X is a sequence of blowing-up smooth curves, Y(0,1) 99K Y(0,2) and
Y(0,2) 99K Y˜ are given in Lemma 5.8, Y(0,0) 99K Y(0,1) is a flop given in Lemma 7.7 and
Y 99K Y ′ is a smooth flop over a cA2 point. The diagram of Y
′
99K X ′ is symmetric.
Proof. By Lemma 7.6 there are two cyclic quotient points on Y(0) which is of indices 2
and 3 respectively. Moreover, let H be a general general elephant of W , then one can
check that HW1 contains the non-Q-factorial point of W1, hence HY contains the flopping
curve Γ of Y → W1. Since the flipping curve C of Y = Y(0) 99K Y(1) intersects Γ at
a smooth point (because Y 99K Y ′ is a smooth flop), HY intersects the C at a smooth
point. This will implies that C ⊂ HY . Indeed, we know that for some I = (0, ..., 0) we
have YI 99K YI+1 is a flop. We have HYI intersects the flopping curve CYI non-trivially
and HYI .CYI = 0, hence CYI ⊂ HYI and so C ⊂ HY . Moreover, by direct computation
we know that HY → H extracts four curves and the general elephant of U(0) has A4
singularities. By the classification [12, Theorem 2.2] we know that we are in the case
semistable IA+ IA, hence the flipping curve C contains two singular point.
Now Y(0,0) contains two
1
2
(1, 1, 1) point. By Lemma 7.7 we know that Y(0,0) 99K Y(0,1) is
a flop and its factorization is given by Lemma 7.7.
Claim. We have k(0) ≥ 2. There exists a flip Y(0,2) 99K Y˜ and a sequence of blowing-up
smooth curves Y˜ → Y¯ → X .
To prove the claim, assume first that k(0) = 1. In this case we have a divisorial
contraction to a curve Y(0,1) → Y(1) ([3, Remark 3.4]). Let Γ be the curve. Then Γ
should contain two singular fibers because there are two singular points on Y(0,1) which
are connected by the flopped curve of the flop Y(0,0) 99K Y(0,1), and the flopped curve
maps bijectively to Γ. On the other hand, we have dep(Y(1)) < dep(Y(0)) = 3, hence
dep(Y(1)) ≤ 2. This implies that Y(1) contains two depth 1 points, which are
1
2
(1, 1, 1)
points. However there is no divisorial contraction to a curve which contains cyclic quotient
points by [7, Theorem 5]. This proves that k(0) ≥ 2.
Now assume that k(0) = 2. There is a flip followed by a divisorial contraction Y(0,1) 99K
Y(0,2) → Y(1). Notice that dep(Y(1)) 6= 1 by the same argument of the claim in the proof
of Lemma 7.3 (Recall that the normal bundle sequences of cE6 flops and cE7 flop are the
same). We have dep(Y(1)) is either 0 or 2. Assume that dep(Y(1)) = 0, then Y(1) is smooth.
Hence Y(0,2) is also smooth and Y(0,2) → Y(1) is divisorial contraction to a curve because
the exceptional divisor of this divisorial contraction has discrepancy two over X , hence
discrepancy one over Y(1). This implies that the two singular points of Y(0,1) are both
contained in the flipping curve of Y(0,1) 99K Y(0,2). However it is impossible since the both
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two singular points are 1
2
(1, 1, 1) points and there are no flip along two 1
2
(1, 1, 1) points
by Lemma 7.7. So dep(Y(1)) should be 2.
In this case we have dep(Y(0,2)) = 1 and Y(0,2) → Y(1) is a w-morphism. In other words,
we have Y(0,2) = Y(1,0). Let Y˜ = Y(1,1) and Y¯ = Y(2). We know that Y(2) can not has depth
one or the length of the normal bundle sequence should be 3. Thus Y(2) is smooth and so
Y¯ = Y(2) → X is a blowing-up a smooth curve. Since dep(Y(0,2)) = dep(Y(1,0)) = 1, Y(1,1)
is also smooth and Y(1,1) → Y(2) is also a blowing-up a smooth curve.
Finally if k(0) > 2 then it is easy to see that k = 3 and dep(Y(0,i)) = 3 − i for i = 2,
3. As we saw before, dep(Y(1)) can not be one. Hence dep(Y(1)) = 0. This implies that
there exists a divisorial contraction Y(1) → X which is a blowing-up a smooth curve. Let
F = exc(Y(0,3) → Y(1)). One can check that a(X,F ) = 2, hence a(Y(1), F ) = 1 and so
Y(0,3) → Y(1) is also a blowing-up a smooth curve. We let Y˜ = Y(0,3) and Y¯ = Y(1) and the
claim is proved.
Notice that Y(0,i) has only
1
2
(1, 1, 1) singularities for i = 1, 2. Hence the factorization
of the two flips Y(0,1) 99K Y(0,2) and Y(0,2) 99K Y˜ are given by Lemma 5.8. Y 99K Y
′ is a
smooth flop over a cA2 point by Lemma 7.6. 
7.4. Factorizing cE8 flops. In this subsection we assume that X 99K X
′ is a simple
smooth flop over W , such that W has a cE8 singularity.
Lemma 7.9. There exists a sequence of w-morphismsW8 → · · ·W1 →W0 = W such that
W8 is smooth. W1 has a non-Q-factorial cE/2 singular point, W2 has a non-Q-factorial
cD/3 singular point, W3 has a cAx/4 singular point, W4 has a
1
5
(3, 2, 1) point, and W5
has a 1
3
(1, 2, 1) and a 1
2
(1, 1, 1) point. W6 and W7 is obtained by resolving the
1
3
(1, 3, 1)
singularity and W8 is the blowing-up the
1
2
(1, 1, 1) point. Moreover, let Ei = exc(Wi →
Wi−1), then one can compute a(Ej,Wi) as in the following table:
W W1 W2 W3 W4 W5 W6 W7
E1 1 - - - - - - -
E2 2
1
2
- - - - - -
E3 3 1
1
3
- - - - -
E4 4
3
2
2
3
1
4
- - - -
E5 5 2 1
1
2
1
5
- - -
E6 2 1
2
3
1
2
2
5
1
3
- -
E7 4 2
4
3
1 4
5
2
3
1
2
-
E8 3
3
2
1 3
4
3
5
1
2
1
2
1
2
Proof. Wemay assume thatW is defined by x2+y3+z5+g(y, z, u) such that ∂
2
∂y2
g(y, z, u) =
0 and u5 6∈ g(y, z, u). By Lemma 7.2, we know that W1 → W is obtained by weighted
blowing-up (3, 2, 2, 1). The only non-Gorenstein singular point on W1 is a cE/2 point.
If this point is Q-factorial, then the only non-Gorenstein point on Y is this cE/2 point,
so the flipping curve of Y = Y0 99K Y1 should pass through this point. However it is
impossible because of the classification [12, Theorem 2.2]. So the cE/2 point is not Q-
factorial and W1 do not have any Gorenstein point since GorE(Y ) = −∞. In particular,
we have that at least one of the following monomials
yu4, zu4, u6, u7
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appears in g(y, z, u).
Now the chart Uz,1 ⊂W1 is defined by
(x2 + y3 + z4 + g′(y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
2
(1, 0, 1, 1)
and at least one of the following following monomials
yu4, u4, u6, zu7
appears in g′(y, z, u). Assume that u4 ∈ g′(y, z, u), we choose a suitable change of coordi-
nates z 7→ z + λu so that u4 6∈ g′(y, z + λu, u), and construct the weighted blow-up with
weight 1
2
(3, 2, 3, 1). Under this construction we get a w-morphism W ′ →W1 and one can
see that the exceptional divisor of W ′ → W1 has discrepancy one over W . This leads a
contradiction since there should be only one discrepancy one exceptional divisor over W .
Hence u4 6∈ g′(y, z, u).
Now let W2 → W1 be the weighted blow-up with weight
1
2
(3, 2, 3, 1). The only non-
Gorenstein singular point on W2 is the origin of the chart Uz,2 ⊂ W2 defined by
(x2 + y3 + z3 + g′′(y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
3
(0, 2, 1, 1),
such that yu4, u6 or z2u7 ∈ g′′(y, z, u). Let w(y, z, u) = 1
3
(2, 4, 1) be a weight. The
monomials with w-weights less than twelve are the following:
(a) w-weight equals to 6. Monomials with w-weight equals to 6 are yu4, u6 and zu2.
(b) w-weight equals to 9. Monomials with w-weight equals to 9 are yzu3, yu7, z2u, zu5
and u9. Notice that yu7 and u9 can not appear in g′′(y, z, u) because g′′(y, z, u) =
g′(yz, z
3
2 , z
1
2u)/z3.
One can see that
(i) If wtwg
′′(y, z, u) < 12, then the weighted blow-up with weight 1
3
(3, 2, 4, 1) defines a
w-morphism W3 →W2.
(ii) If wtwg
′′(y, z, u) ≥ 12, then the weighted blow-up with weight 1
3
(6, 5, 4, 1) defines a
w-morphism W3 →W2.
Notice that there are exactly one exceptional divisor which has discrepancy 1
2
over W1
because any exceptional divisor which do not appear on W2 has discrepancy greater than
1
2
· 4
3
= 2
3
over W1. Hence the Y has only one non-Gorenstein point.
Claim. The cD/3 point on W2 is not Q-factorial.
To prove the claim, consider the following three possibilities:
Case (i-1): zu2 ∈ g′′(y, z, u). We will show that this case won’t happen. In this
case the chart Uz,3 ⊂W3 is defined by
(x2 + y3 + z2 + g′′′(z, u) = 0) ⊂ A4(x,y,z,u)/
1
4
(3, 2, 1, 1),
with u2 ∈ g′′′(y, z, u). After a suitable change of coordinates z 7→ z + λu we may
assume that Uz,3 is defined by x
2+y3+zu. LetW4 → W3 be the weighted blow-up
with weight 1
4
(3, 2, 5, 1). One can verify that the exceptional divisor of W4 → W3
has discrepancy one over W . This leads to a contradiction.
Case (i-2): zu2 6∈ g′′(y, z, u). The origin of the chart Uz,3 is a cAx/4 point and
weighted blow-up this point with weight 1
4
(3, 2, 5, 1) defines a w-morphism W4 →
W3. W4 has a
1
5
(3, 2, 1) point. Let F be the exceptional divisor which has dis-
crepancy 3
5
over W4. Then one can compute that a(F,W2) = 1 and a(F,W1) =
3
2
.
Lemma 7.10 now implies the claim.
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Case (ii): The only non-Gorenstein singular point on W3 is a cyclic quotient point
of type 1
5
(1, 4, 1). Let F be the exceptional divisor which has discrepancy 4
5
over
W3. We have a(F,W2) = 1 and a(F,W1) =
3
2
. The statement follows from Lemma
7.10.
Now the claim implies that W2 do not have any Gorenstein singularity because the Q-
factorization of W2 has minus-infinity Gorenstein-elephant’s height. This implies that
zu7 do not appear in g′(y, z, u). Hence either yu4 or u6 appear in g′′(y, z, u) and weighted
blowing-up the cD/3 point on W2 with the weight
1
3
(3, 2, 4, 1) defines a w-morphism
W3 →W2.
The only non-Gorenstein point on W3 is the origin of the chart Uz,3 defined by
(x2 + y3 + z2 + g′′′(z, u) = 0) ⊂ A4(x,y,z,u)/
1
4
(3, 2, 1, 1)
and the resolution of this point is described in Case (i-2) of the proof of the claim. W4
has a 1
5
(3, 2, 1) point. W8 → · · · →W4 is the economic resolution.
Finally the discrepancies of exceptional divisors follows from direct computation. 
Lemma 7.10. Assume that V → W is a w-morphism. Let X be a Q-factorization of
W and let Y be a Q-factorization of V . Assume that exc(V → W ) contains only one
non-Gorenstein point P which is of index r + 1 and either r = 1, X is smooth and
exc(X →W ) is irreducible, or r > 1 and X contains only one non-Gorenstein point. Let
F be an exceptional divisor over P such that a(F, V ) = 1. If a(F,W ) = 1 + 1
r
, then P is
not Q-factorial and CenterY F is a curve.
Proof. We run KY -MMP over W and we may assume that X is the minimal model. Then
Y 99K X factorize into
Y 99K Y1 99K · · · 99K Yk → X,
such that Y 99K Yk is a sequence of flips and Yk → X is a divisorial contraction. Note
that Yk → X is a divisorial contraction to a curve if r = 1, and a w-morphism if r > 1.
Assume that P is Q-factorial, then P appears on Y and the flipping curve of Y 99K Y1
passes through P . By the negativity lemma, we know that a(Yk, F ) > a(Y, F ) = 1. On
the other hand, every singular point on Yk has indices less than r + 1 since otherwise
there exists an exceptional divisor G such that a(G, Y ) < a(G, Yk) ≤
1
r+1
, which is
impossible. Hence a(F, Yk) ≥ 1 +
1
r
= a(F,W ) = a(F,X). This leads to a contradiction
since CenterYkF is contained in exc(Yk → X). 
Lemma 7.11. Notation as in Lemma 7.9. The cAx/4 point on W3 is not Q-factorial.
Let Z¯ → W3 be a Q-factorization and let Z¯ 99K Z¯
′ be the corresponding flop. Then Z¯
has two singular points. One of them is a 1
4
(1, 3, 1) point and the other one is a 1
2
(1, 1, 1)
point. We have CenterZ¯E7 is the flopping curve, CenterZ¯E6 is the
1
2
(1, 1, 1) point and
CenterZ¯Ei is the
1
4
(1, 3, 1) point for i = 4, 5 and 8.
30 HSIN-KU CHEN
Moreover, let Z˜ be a Q-factorization of W4 and assume that Z¯ is the minimal model of
Z˜ over W3, then we have the following diagram
Z˜(0,1,1,1)
c E7

Z˜(0,1,1,0)oo❴ ❴ ❴
w

Z˜(0,1,2)
w E6

Z˜(0,1,1) Z˜(0,1,0)oo❴ ❴ ❴
w

Z˜(0,2)
w E5

Z˜(0,1) Z˜(0,0)oo❴ ❴ ❴
w

Z˜1
w E4

Z˜0
Z¯
such that every dash arrow are Atiyah flops.
Proof. The cAx/4 point is not Q-factorial and CenterZ¯E7 is the flopping curve by Lemma
7.10. By the table in Lemma 7.9 we know that Z¯ contains a singular point of index 4,
but there are no discrepancy one exceptional divisors over this point. It follows that the
index 4 point should be a cyclic quotient point. Since there are two exceptional divisor
of discrepancy 1
2
over Z¯, Z¯ contains another 1
2
(1, 1, 1) point.
We are going to factorize the flop Z¯ 99K Z¯ ′. By direct computation, one can see that
the Gorenstein singularities on W4 is at worst cA2 singularities. Let Z˜ → W4 be a Q-
factorization. If W4 is not Q-factorial, let Z˜ 99K Z˜ ′ be the corresponding flop. Otherwise
let Z˜ ′ = Z˜. We know that Z˜ 99K Z˜ ′ is at worst a smooth flop over a cA2 point.
Now Z˜(0) = Z˜ has only a
1
5
(3, 2, 1) singularity and Z˜(k) has a
1
3
(1, 2, 1) and 1
2
(1, 1, 1)
point. Hence dep(Z˜) = dep(Z˜k) + 1, so k = 1. We know that exc(Z˜(0,0) → Z˜(0)) = E5
and a(Z¯, E5) =
1
2
. Hence Z˜(0,0) 99K Z˜(0,1) is a flop and Z˜(0,2) → Z˜(1) is a w-morphism by
Lemma 5.6.
Since CenterZ˜(0,1)E7 is the
1
3
(1, 2, 1) point, this point lies on the flipping curve of
Z˜(0,1) 99K Z˜(0,2). We have Z˜(0,1,0) 99K Z˜(0,1,1) is a flop and Z˜(0,1,2) → Z˜(0,2) is a w-
morphism by Lemma 5.6. Z˜(0,1,1) has only two
1
2
(1, 1, 1) point. One can check that
a(Z˜(0,1,2), E8) = a(Z˜(0,1,1), E8) =
1
2
. This implies that CenterZ˜(0,1,2)E8 is a
1
2
(1, 1, 1) point
which is not contained in the flipped curve. Thus the flipping curve of Z˜(0,1,1) 99K Z˜(0,1,2)
contains only a 1
2
(1, 1, 1) point and the factorization of this flip is given by Lemma 5.8.
Finally every flops appears in the factorization is an Atiyah flop by Lemma 5.7 and
Lemma 5.5 
Lemma 7.12. Notation as in Lemma 7.9 and Lemma 7.11. Let Z be a Q-factorization
of W2 and assume that Z is a minimal model of Z¯ over W2. Then Z has a cA/3 singular
point defined by
(xy + z3 + u2 = 0) ⊂ A4(x,y,z,u)/
1
3
(1, 2, 1, 0).
There is a unique w-morphism Z¯1 → Z such that Z¯1 has a
1
2
(1, 1, 1) point and a 1
3
(2, 1, 1)
point. The 1
2
(1, 1, 1) point is the center of E6 and the
1
3
(2, 1, 1) point is the center of E4
and E5. The center of E8 on Z is a curve.
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We have the following factorization
Z¯(0,1,1,1)
c E8

Z¯(0,1,1,0)oo❴ ❴ ❴
w

Z¯(0,1,2)
w E5

Z¯(0,1,1) Z¯(0,1,0)oo❴ ❴ ❴
w

Z¯(0,2)
w E4

Z¯(0,1) Z¯(0,0)oo❴ ❴ ❴
w

Z¯1
w E3

Z¯0
Z
such that every dash arrow are Atiyah flops.
Proof. Notice that the general elephant of singular points on Z could only have at most
5 components, hence Z can not have cD/3 singularity. Thus Z has only a cA/3 singular
point. Because there are exactly one exceptional divisor of discrepancy 1
3
, two exceptional
divisor of discrepancy 2
3
and one exceptional divisor of discrepancy 1 over this singular
point, this point should be defined by
(xy + z3 + u2 = 0) ⊂ A4(x,y,z,u)/
1
3
(1, 2, 1, 0).
We know that Z¯k → Z is a w-morphism and there are only one w-morphism over the
cA/3 point we described above. One can verify that Z¯k has a
1
2
(1, 1, 1) point and a
1
3
(2, 1, 1) point. Thus dep(Z¯k) = 3 = dep(Z¯)−1 and so k = 1. Notice that Z¯ contains two
singular points, one is a 1
4
(1, 3, 1) point and the other one is a 1
2
(1, 1, 1) point. The flipping
curve of Z¯0 99K Z¯1 passes through only one of these two points. Lemma 7.9 implies that
CenterZE8 is a curve, hence the flipping curve should passes through the
1
4
(1, 3, 1) point
and a(Z¯1, E6) = a(Z¯0, E6) =
1
2
. Hence the 1
2
(1, 1, 1) point on Z˜1 is the center of E6. Now
the factorization of Z¯0 99K Z¯1 can be contracted using the same method in the proof of
Lemma 7.11. 
Lemma 7.13. Notation as in Lemma 7.9 and Lemma 7.12. We have Y has a cA/2
singularity with depth equals to 2 or 3 and Z(1) has also a cA/2 singularity if Z(1) → Y
is a w-morphism, in the case that dep(Y ) = 3. We have CenterYE6 is a curve on Y .
E2, E3 (resp. E2, E3 and E4) appears on the feasible resolution of Y when dep(Y ) = 2
(resp. dep(Y ) = 3), Center of E5 on the feasible resolution is a curve contained in E3
and Center of E4 is a curve contained in E2 and not contained in E3 if dep(Y ) = 2.
Moreover, we have the following factorization
Y ← Z(1) ← Z(0,k(0)) L99 · · · L99 Z(0,1) L99 Z(0,0) → Z(0) = Z 99K Z
′
such that Z(0,k(0)) → Z(1) → Y and Z(0,0) → Z(0) are w-morphisms, Z(0,0) 99K Z(0,1) is an
Atiyah flop, k(0) = 3 if dep(Y ) = 3 and k(0) = 4 if dep(Y ) = 2, Z(0,1) 99K Z(0,2) is given
by Lemma 5.9 (1) and other flips have the factorization in Lemma 5.8.
Proof. Obviously Y can not have cE/2 singularities because general elephants of singular
points could only have at most 6 components. Notice that there are only one exceptional
divisor of discrepancy 1
2
over the singular point of Y . Furthermore, let Zk → Y be the
w-morphism, then every non-Gorenstein points on Zk should have indices 2 since Z has
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only a cA/3 singular point. Thus Y should have a cA/2 point and the axial weight of
this point is less than 3 since the general elephant of this point could have at worst A5
singularities. Moreover, there exists one discrepancy one exceptional divisor over this
point. This implies that the singular point on Y is of the form
(xy + z2 + un = 0) ⊂ A4(x,y,z,u)/
1
2
(1, 1, 1, 0),
with n = 2, 3. One can see that dep(Y ) = n = 2 or 3.
By Lemma 7.10, we know that CenterYE6 is a curve. E2 and E3 appear in the feasible
resolution of Y because they are only two exceptional divisors with discrepancy less than
or equal to one. The w-morphism Zk → Y extracts E2. Since CenterZE8 is a curve and
a(E8, Zk) = 1, CenterZkE8 is a curve. We have a(E4, Zk) = 1. If dep(Y ) = 2 then Zk has
only a 1
2
(1, 1, 1) singular point, so CenterZkE4 is a curve. If dep(Y ) = 3, then Zk has a
non-cyclic quotient cA/2 point and the center of E4 should be this point. Finally since
a(E5, Y ) = 2, E5 should be a curve contained in E3.
Let CZ(0) be the flipping curve of Z(0) 99K Z(1) and let CZ(0,0) be the proper transform of
CZ(0) on Z(0,0). Note that Z(0,0) has two singular points. One of them is a
1
3
(1, 2, 1) point
and the other one is a 1
2
(1, 1, 1) point. The explicit equation of the singular point on Z(0)
is given by Lemma 7.12. According to Mori’s local classification [14, Page 243], we know
that the CZ(0,0) won’t pass through the
1
3
(1, 2, 1) point. We claim that C(0,0) do not pass
through any singular point and Z(0,0) 99K Z(0,1) is a flop.
Indeed, if C(0,0) passes through the
1
2
(1, 1, 1) point, then Z(0,0) 99K Z(0,1) is a flip. The
flipped curve is the center of E6 and is contained in exc(Z(0,k(0)) → Z(1)) = E3. In this
case we have a(E6, Z(0,k(0))) = a(E6, Z(0,1)) = 1, hence this curve appears on Z(0,k(0)) and
is contracted by Z(0,k(0)) → Z(1). This is impossible since CenterYE6 is a curve.
So we know that Z(0,0) 99K Z(0,1) is a flop. We need to say that the flipping curve of
Z(0,1) 99K Z(0,2) do not connect the two singular points on Z(0,1). If it is true, then the flip
is of the type semistable IA + IA [12, Theorem 2.2]. Let HZ(0) be a general elephant of
the flip Z(0) 99K Z(1). Then HZ(0,1) contains the flipping curve of Z(0,1) 99K Z(0,2). On the
other hand, the flipping curve intersects the flopped curve of Z(0,0) 99K Z(0,1) non-trivially,
hence HZ(0,1) intersects the flopped curve non-trivially. Since HZ(0,1) intersects trivially to
the flopped curve, it contains the flopped curve. Thus HZ(0,0) contains CZ(0,0) and HZ(0)
contains CZ(0) . However it is impossible by the classification [12, Theorem 2.2] and the
fact that there are only one cA/3 singular point on Z(0).
Hence the flipping curve of Z(0,1) 99K Z(0,2) passes through only one singular point.
Assume first that dep(Y ) = 3. In this case CenterZ(0,k(0))E4 is a
1
2
(1, 1, 1) point. It follows
that k(0) = 3 and Z(0,1) 99K Z(1) can be factorized into two flips followed by a w-morphism
Z(0,1) 99K Z(0,2) 99K Z(0,3) → Z(1).
The two flipped curves correspond to E5 and E6. Since CenterZ(0,3)E5 is a curve contained
in E3 and Z(0,3) → Z(1) contracts E3 to a point, the flipped curve of Z(0,2) 99K Z(0,3) corre-
sponds to E6. Thus Z(0,1) 99K Z(0,2) is a flip around the
1
3
(1, 2, 1) point and its factorization
is given by Lemma 5.9 (1) since the flipped curve on Z(0,2) contains CenterZ(0,2)E4, which
is a 1
2
(1, 1, 1) point. Now Z(0,2) 99K Z(0,3) is a flip around a
1
2
(1, 1, 1) point, and its
factorization is given by Lemma 5.8.
Now assume that dep(Y ) = 2. We know that every possible flips Z(0,i) 99K Z(0,i+1) are
flips around only one singular point since every singular points on Z(0,i) are
1
2
(1, 1, 1) points
for i ≥ 2. Let Z(0,j−1) 99K Z(0,j) be the flip around a
1
2
(1, 1, 1) point such that the flipped
curve corresponds to E6. We want to say that j = k(0). Indeed, let Li = CenterZ(0,i)E6,
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then we have KZ(0,j) .Lj = 1 by Lemma 5.8. If j 6= k(0) then KZ(0,k(0)).Lk(0) < KZ(0,j).Lj =
1, hence KZ(0,k(0))
.Lk(0) ≤ 0 since Z(0,k(0)) is smooth. However it is impossible because
CenterYE6 is a curve passing through singular points. Hence the last flip Z(0,k(0)−1) 99K
Z(0,k(0)) is a flip around a
1
2
(1, 1, 1) point.
The flip Z(0,1) 99K Z(0,2) is a flip around a
1
3
(1, 2, 1) point. We claim that dep(Z(0,2)) =
dep(Z(0,3)) − 1. Hence k(0) = 4, the factorization Z(0,1) 99K Z(0,2) is given by Lemma 5.9
(1) and Z(0,2) 99K Z(0,3) is also a flip around a
1
2
(1, 1, 1) point.
Assume that dep(Z(0,2)) = dep(Z(0,3))− 2, then k(0) = 3. Let Γi = CenterZ(0,i)E5. Then
Γ2 is a flipped curve so KZ(0,2).Γ2 > 0. We have seen before that KZ(0,3) .L3 = 1. One has
φ∗KY = KZ(0,3) −
1
2
E2 −E3 and φ
∗KY .L3 = 0 where φ denotes the morphism Z(0,3) → Y .
Hence E3.L3 ≤ 1. Since Γ3 is a smooth curve contained in E3, Γ3 meets L3 at at most one
point transversally. This will implies that KZ(0,3) .Γ3−KZ(0,2) .Γ2 ≤ 1, hence KZ(0,3) .Γ3 ≥ 0.
However it is impossible since Γ3 ⊂ E3 is contracted by Z(0,3) → Z(1).
Finally we need to check that the flop Z(0,0) 99K Z(0,1) is an Atiyah flop. First assume
that dep(Y ) = 3 and we have k(0) = 3. Let Ξi be the flipping curve of Z(0,i) 99K Z(0,i+1).
One can see that the proper transform of Ξ2 on Z(0,1) is not the flopped curve of Z(0,0) 99K
Z(0,1) because the flopped curve do not pass through the
1
2
(1, 1, 1) point. This implies
that Ξ1 and Ξ2 both appear on Z(0,0). Let FZ(0,0) = E3 be the exceptional divisor of
Z(0,0) → Z(0), then we have FZ(0,i) is generically smooth along Ξi. This implies that
FZ(0,1) is smooth in the smooth locus of Z(0,1) by applying Lemma 5.3 twice. Hence
Z(0,0) 99K Z(0,1) is an Atiyah flop by Lemma 5.4.
Now assume that dep(Y ) = 2 and we have k(0) = 4. As before let Ξi be the flipping
curve of Z(0,i) 99K Z(0,i+1). Then Ξi appears on Z(0,0) for i = 1, 3 by the same reason as
in the previous case. We are going to show that Ξ2 also appears on Z(0,0), or equivalently,
the proper transform of Ξ2 on Z(0,1) is not the flopped curve of Z(0,0) 99K Z(0,1). Let CZ(0,1)
be the flopped curve of Z(0,0) 99K Z(0,1) and let CZI be the proper transform of CZ(0,1) on
ZI , for all possible I. We are going to show that CZ(0,2) 6= Ξ2. Assume that CZ(0,2) = Ξ2.
In this case we have CZ(0,1) intersects Ξ1 non-trivially. We know that KZI .CZI = 0 for
I = (0, 1), (0, 1, 0), (0, 1, 1), (0, 1, 1, 0) and (0, 1, 1, 1). However, KZ(0,1,2) .CZ(0,1,2) < 0 since
CZ(0,1) intersects Ξ1 non-trivially. On the other hand, we have Z(0,1,2) = Z(0,2,0) and the
proper transform of Ξ2 on Z(0,2,0) is KZ(0,2,0)-trivial, since Z(0,2,0) 99K Z(0,2,1) is a flop.
Thus CZ(0,2) 6= Ξ2 and FZ(0,1) is smooth in the smooth locus of Z(0,1), which implies that
Z(0,0) 99K Z(0,1) is an Atiyah flop

Proposition 7.14. Assume that X 99K X ′ is a simple smooth flop over W such that W
has a cE8 singularity. We have the factorization
X ← Y(1) ← Y(0,2) L99 Y(0,1) L99 Y(0,0) → Y(0) = Y 99K Y
′
= Y ′(0) ← Y
′
(0,0) 99K Y
′
(0,1) 99K Y
′
(0,2) → Y
′
(1) → X
′
such that Y(0,2) → Y(1) → X is a sequence of blowing-up smooth curves, Y(0,0) 99K Y(0,1)
is an Atiyah flop. Y(0,1) 99K Y(0,2) is given by Lemma 5.8 (reps. Lemma 5.9 (1)) if
dep(Y ) = 2 (resp. dep(Y ) = 3). Y 99K Y ′ is a flop given in Lemma 7.13 and the diagram
Y ′ 99K X ′ is symmetric.
Proof. By Lemma 7.13 we know that Y contains only a cA/2 point with depth 2 or 3.
We use the notation as in Convention 4.4. Notice that there are only one exceptional
divisor with discrepancy less than one over Y = Y(0), hence k(0) = 1. Thus Y(1) → X is a
blowing-up a smooth curve. If dep(Y ) = 2, then Y(0) 99K Y(1) is given by Lemma 5.9 (3).
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Now assume that dep(Y ) = 3. Since Y has only a cA/2 singular point, by the same
argument as in the last paragraph of the proof of Lemma 5.9 we can show that Y(0,0) 99K
Y(0,1) is a flop. It is a smooth flop by Lemma 5.7. Now dep(Y(0,1)) = 2 and Y(0,1) contains
only a cA/2 point. Since exc(Y(0,0) → Y(0)) = E2 and CenterY(1)E2 is a curve, Y(0,2) → Y(1)
is a blowing-up a smooth curve. Hence Y(0,2) is smooth and Y(0,1) 99K Y(0,2) is given by
Lemma 5.9 (3). Finally Y(0,0) 99K Y(0,1) is an Atiyah flop by Lemma 5.5. 
Proof of Theorem 1.4. The statement (1) is well-known. (2) follows from Proposition 6.3
and (3) follows from Proposition 7.5, Proposition 7.8 and Proposition 7.14. 
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Appendix A. Divisorial contractions to points and the Gorenstein-elephant’s
height
We define the Gorenstein-elephant’s height for terminal threefolds as the following:
Definition. Let DV be the set consists of the symbols {Ai}i∈N ,{Dj}j∈N≥4 and {Ek}k=6,7,8.
We define an order in DV by
Ai′ < Ai < Dj′ < Dj < Ek′ < Ek; i
′ < i, j′ < j, k′ < k.
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Given two pairs (, n), (′, n′) in DV × N, we say that (, n) > (′, n′) if either  > ′ or
 = ′ and n > n′. If (, n) ∈ DV × N, we define (, n) + 1 to be the element (, n+ 1).
Let P ∈ X be a three-dimensional terminal singularity. We define the Gorenstein-elephant’s
height, GorE(P ) ∈ (DV ×N) ∪ {−∞}, as the following:
(i) If P is a smooth point, define GorE(P ) = −∞.
(ii) If P is a Gorenstein point. Define
GorE(P ) = max

(GE(P ), 1), GorE(Q) + 1 Q ∈ exc(Y → X) where Y → Xis a divisorial contraction to P

 .
Here GE(P ) denotes the type of a general elephant near P .
(iii) If P is a non-Gorenstein point, define
GorE(P ) = max

GorE(Q) Q ∈ exc(Y → X) where Y → Xis a divisorial contraction to P

 .
We need to check that this invariant is well-defined, by saying that if Y → X is a divisorial
contraction to a Gorenstein point P , then the Gorenstein singularities on Y are better than
the singularity of P . Three-dimension divisorial contractions to points are well-classified by
Hayakama, Kawakita and Yamamoto [2, 3, 4, 5, 6, 7, 8, 9, 10]. We list every divisorial contrac-
tions to Gorenstein points in Table 1 and Table 2, and check our desired property case by case
in Lemma A.1 and Lemma A.2.
Lemma A.1. Let X be a germ of three-dimensional Gorenstein terminal singularity and let
 = GE(X). Assume that Y → X is a w-morphism and P ∈ Y is a singular point. Then one
of the following holds:
(1) P is Gorenstein and either GE(P ) <  or GE(P ) =  and the value of invariants defined
in [1, Section 3,4] (τ , τ ♯ for cA points and µ♭, τ ♯ for cD points) of P are smaller than the
value of those invariants of the singular point of X.
(2) P is non-Gorenstein and there exists a sequences of w-morphisms Yk → · · ·Y1 → Y such
that Yk is Gorenstein and every singular points of Y satisfy (1).
Proof. We need to study every cases in Table 1.
G1: The statement follows from [1, Theorem 12].
G2: Please see [1, Proposition 15, Case 2] and [1, Proposition 19].
G3: The only non-Gorenstein point on Y is the origin of the chart Uy, which is a cA/r singular
point and only cA type singularities appear in the resolution of this point. Hence this point
satisfies (2). For any Gorenstein singular point on Y , one can see that the invariant µ♭
strictly decreases. Hence (1) is satisfied.
G4: The only non-Gorenstein singular point on Y is the origin of the chart Ut, which is a cyclic
quotient point. Every Gorenstein singular points are contained in the chart Uu. Fix a
Gorenstein singular point P . After a suitable change of coordinate we may assume that P
is the origin of Uu. We have GE(P ) = Dm, where m = 2b − 1 if
∂
∂xp(x, z, u) 6= 0 and 2b if
∂
∂xp(x, z, u) = 0. One can check that GE(X) = Dm+1, hence P satisfies (1).
G5: One can check that the origin of the chart Ux ⊂ Y is a cyclic quotient point, and all
Gorenstein singular points have smaller µ♭.
G6: There are two non-Gorenstein singular points on Y , they are the origin of the chart Uy and
Ut and are both cyclic quotient points. The other singular point is the origin P of the chart
Uu. One can see that µ
♭(P ) = µ♭(X) but τ ♯(P ) < τ ♯(X).
G7: Please see [1, Theorem 34, Subcase 1-1].
G8: Please see [1, Theorem 34, Subcase 1-2] and [1, Theorem 36, Case 1].
G9: Please see [1, Theorem 34, Case 2], [1, Theorem 36, Case 2] and [1, Theorem 37, Case 1].
G10: Please see [1, Theorem 34, Case 3], [1, Theorem 36, Case 3] and [1, Theorem 37, Case 2].
G11: Please see [1, Theorem 36, Case 4] and [1, Theorem 37, Case 3].
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No. defining equations weight type condition
G1 xy + zrm + g≥m(z, u) (b, rm− b, 1, 1) cA
G2 x2 + y2u+ λyzk + g≥2b(z, u) (b, b− 1, 1, 2) cD k ≥ b+ 1
G3
x2 + y2u+ ypl(z, u)+
λyzk + g≥2l(z, u)
(b, b, 1, 1) cD
b = k ≤ l, or
b = l ≤ k
G4

x
2 + ut+ λyzk + g≥2b+2(z, u)
y2 + p2b(x, z, u) + t
(b+ 1, b, 1, 1, 2b + 1) cD
k ≥ b+ 2, and
either k = b+ 2,
u2 6 |g2b+2(z, u),
z2b+3 ∈ g(z, u),
xzb−1 ∈ p(x, z, u)
or u2 6 |p(x, z, u)
G5 x2 + y2u+ λyzk + g≥2b+1(x, z, u) (b+ 1, b, 1, 1) cD k ≥ b+ 1
G6

 x
2 + yt+ g≥2b(z, u)
yu+ zb + pb(z, u) + t
(b, b− 1, 1, 1, b + 1) cD
G7 x2 + y3 + g≥4(y, z, u) (2, 2, 1, 1) cE
G8 x2 + 2xp2(y, z) + y
3 + g≥5(y, z, u) (3, 2, 1, 1) cE
G9 x2 + y3 + g≥6(y, z, u) (3, 2, 2, 1) cE
G10 x2 + y3 + 3λy2u2 + g≥8(y, z, u) (4, 3, 2, 1) cE
G11 x2 ± xp4(y, z, u) + y
3 + g≥9(y, z, u) (5, 3, 2, 1) cE
G12 x2 + y3 + y2p3(z, u) + g≥10(y, z, u) (5, 4, 2, 1) cE
G13 x2 + y3 + g≥12(y, z, u) (6, 4, 3, 1) cE
G14 x2 + y3 + y2p4(z, u) + g≥14(y, z, u) (7, 5, 3, 1) cE
G15 x2 ± xp7(y, z, u) + y
3 + g≥15(y, z, u) (8, 5, 3, 1) cE
G16 x2 + y3 + g≥18(y, z, u) (9, 6, 4, 1) cE
G17 x2 + y3 + y2p6(z, u) + g≥20(y, z, u) (10, 7, 4, 1) cE
G18 x2 + y3 + g≥24(y, z, u) (12, 8, 5, 1) cE
G19 x2 + y3 + g≥30(y, z, u) (15, 10, 6, 1) cE
G20

x
2 + y3 + tu+ g≥6(y, z, u)
p4(x, y, z, u) + t
(3, 2, 1, 1, 5) cE
G21 x2 + xp2(y, z, u) + y
3 + g≥6(y, z, u) (4, 2, 1, 1) cE6
G22

x
2 + y3 + tp2(z, u) + g≥6(y, z, u)
q3(y, z, u) + t
(3, 2, 1, 1, 4) cE7
∂2
∂y2
g(y, z, u) = 0
G23 x2 + y3 + y2p2(z, u) + g≥6(y, z, u) (3, 3, 1, 1) cE7
G24

x
2 + yt+ g≥10(y, z, u)
y2 + p6(y, z, u) + t
(5, 3, 2, 1, 7) cE
Table 1. Divisorial contractions to Gorenstein points with discrepancy one
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G12: Notice that either yz3 or z5 ∈ g(y, z, u). The origin of the chart Uy has a cAx/4 singularity
and only cA or cD singularities appear in the resolution of this point. The origin of the
chart Uz may have
1
2(1, 1, 1) singularity. All other singularity are contained in the chart Uu
and they are at worst cD singularities.
G13: Please see [1, Theorem 34, Case 4], [1, Theorem 36, Subcase 5-1] and [1, Theorem 37,
Subcase 4-1].
G14: Please see [1, Theorem 36, Subcase 5-2, Case 6] and [1, Theorem 37, Subcase 4-2, Case 5].
G15: The origin of the chart Ux is a cyclic quotient singularity. Other singular points on Y is
contained in the chart Uu and they are at worst cD singularities.
G16: Please see [1, Theorem 36, Case 7] and [1, Theorem 37, Subcase 6-1].
G17: Please see [1, Theorem 37, Subcase 6-2, Case 7].
G18: Please see [1, Theorem 37, Case 8].
G19: Please see [1, Theorem 37, Case 9].
G20: The origin of the chart Ut is a cyclic quotient point. Other singular points are contained in
the chart Uu and has at worst cD singularities.
G21: The origin of the chart Ux is a cyclic quotient point. There may be some cA points inside
Ux. Other singular points are contained in the chart Uz and Uu and has at worst cD
singularities.
G22: The origin of the chart Ut has at worst cAx/4 singularities and at worst cD singularities
appear in the resolution of this point. Other singular points are contained in the chart Uz
or Uu and have at worst cD singularities.
G23: The origin of the chart Uy has at worst cD/3 singularities and at worst cE6 singularities
appear in the resolution of this point. Other singular points on Y is contained in Uz or Uu
and they are at worst cD singularities.
G24: The origin of the chart Ut is a cyclic quotient singular point. Other singular points is
contained is the chart Uu, and has at worst cD singularities.

Lemma A.2. Let X be a germ of three-dimensional Gorenstein terminal singularity and let
 = GE(X). Assume that Y → X is a divisorial contraction to a Gorenstein point which is not
a w-morphism. Let P ∈ Y be a singular point. Then one of the following holds:
(1) P is non-Gorenstein, GorE(P ) = −∞ or (′, j′) such that ′ ≤ . When  = ′, we have
a further condition that every divisorial contractions to the point Q defines GorE(P ) is a
w-morphism.
(2) P is Gorenstein with GE(P ) < .
(3) There exists a sequences of w-morphisms Xk → · · ·X1 → X and a point Q ∈ Xk such that
the singularities P ∈ Y and Q ∈ Xk are isomorphic.
Proof. We discuss every cases in Table 2.
H1: The only singular point on Y is the origin P of Ux, which is a cAx/4 point defined by
(x2 + y2 + z3 + u2 + g′(x, y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
4
(3, 3, 2, 1).
After a suitable change of coordinates this singularity is isomorphic to
(xy + u2 + z3 = 0) ⊂ A4(x,y,z,u)/
1
4
(1, 1, 2, 3).
Let Y1 → Y be the weighted blowing-up with weight
1
4(5, 1, 2, 3), then Y1 is smooth. This
says that GorE(P ) = −∞.
H2: The origin of Uy ⊂ Y has a cyclic quotient singularity. All other singular points are
contained in the chart Uu. We will prove the statement by induction on a. Note that
m = 2k + 1 is odd. Let X1 → X be the weighted blow-up with weight (k + 1, k, 1, 1).
Let X2 → X1 be the weighted blowing-up the origin of the chart Uu,1 ⊂ X1 with weight
(k, k+1, 1, 1) and let X ′ → X2 be the weighted blowing-up the origin of the chart Uu,2 ⊂ X2
with weight (b−m+1, b−m,a−2, 1). Note that the chart Uu ⊂ Y is isomorphic to U
′
u ⊂ X
′.
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No. defining equations
(r; ai)
weight
type
a(X,E)
condition
H1 x2 + y2 + z3 + xu2 + g≥6(x, y, z, u)
(1;−)
(4, 3, 2, 1)
cA2
3
H2 x2 + y2u+ zm + g≥2b+1(x, y, z, u)
(1;−)
(b+ 1, b, a, 1)
cD
a
ma = 2b+ 1
H3

x
2 + yt+ g≥2b+2(y, z, u)
yu+ zm + upb(z, u) + t
(1,−)
(b+ 1, b, a, 1, b + 2)
cD
a
ma = b+ 1
H4

x
2 + ut+ λz
b+1
4 + g≥b+1(y, z, u)
y2 + µz
b−1
4 + pb−1(x, z, u) + t
(1;−)
( b+12 ,
b−1
2 , 4, 1, b)
cD
4
λµ 6= 0
H5

x
2 + ut+ z
b+1
2 + g≥b+1(z, u)
y2 + pb−1(x, z, u) + t
(1;−)
( b+12 ,
b−1
2 , 2, 1, b)
cD
2
H6 x2 + y2u+ zb + g≥2b(y, z, u)
(1;−)
(b, b, 2, 1)
cD
2
y2 6∈ g(y, z, u)
H7
x2 + y2u+ 2yup2(z, u)+
yz3 + u3 + g≥6(z, u)
(1;−)
(3, 3, 1, 2)
cD4
2
H8
x2 + y2u+ z3 + yu2+
2yup2,3(z, u) + g≥6(z, u)
(1;−)
(3, 4, 2, 1)
cD4
3
H9
x2 + (y + z + λu2)3+
yu3 + g≥6(z, u)
(1;−)
(3, 3, 2, 1)
cE6
2
H10

x
2 + yt+ g≥10(y, z, u)
y2 + p6(z, u) + t
(1;−)
(5, 3, 2, 2, 7)
cE7
2
gcd(p6, g10) = 1
H11 x2 + y3 + u7 + g≥14(z, u)
(1;−)
(7, 5, 3, 2)
cE7,8
2
yz3, z5 or
z4u ∈ g(z, u)
Table 2. Divisorial contractions to Gorenstein points with large disprepancies
By induction we know that every singular points on U ′u satisfy condition (3), hence every
singular points on Uu satisfy condition (3).
H3: This case is similar to G2. We constructX1 → X by weighted blowing-up (m,m−1, 1, 1,m+
1). If a ≥ 3 we let X2 → X1 be the weighted blowing-up the origin of Uu,1 ⊂ X1 with weight
(m,m+ 1, 1, 1,m − 1). Let X ′ → X2 be weighted blowing-up the origin of Uu,2 ⊂ X2 with
weight (b− 2m+ 1, b− 2m,a− 2, 1, b− 2m+ 2). Then U ′u ⊂ X
′ is isomorphic to Uu ⊂ Y .
If a = 2 we choose an embedding
Uu,1 →֒ (x
2 + t2u+ tzm + g′(t, z, u) = 0) ⊂ A4(x,t,z,u)
and let X2 → X1 be the weighted blow-up (m,m, 1, 1). We also have that Uu,2 ⊂ X2 is
isomorphic to Uu ⊂ Y .
H4: First consider the singularities outside Uu. The origin of Ut is a cyclic quotient singularity
and the Gorenstein-elephant’s height of this point is −∞. The chart Uz is defined by
x2 + ut+ λ+ g′(y, z, u) = y2 + µ+ p′(x, z, u) + tz = 0.
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Those points (±λ,±µ, 0, 0, 0) ∈ Uz may have cA1 singularities. All other possible singular
points of Y are contained in Uu.
Let P ∈ Uu be a singular point. After a suitable change of coordinates z 7→ z + su
4 we
may assume that P is the origin of Uu. The defining equation of X is
x2 + y2u+ λz
b+1
4 + u(µz
b−1
4 + p(x, z, u)) + g(y, z, u)
and the defining equation of Y near P is
y2 + p(x, z, 1) + µz
b−1
4 + u(x2 + λz
b+1
4 ) + g′(y, z, u)
Assume that X has a cDn singularity and Y has a cDm singularity at P . If µ 6= 0 one can
see that m ≤ b−14 and n ≥
b+3
4 . Assume that µ = 0 then λ 6= 0 and 4 divides b+ 1. If we
write p(x, z, 1) = xq(z) + r(z), then we have mult r(z) ≤ b−34 and mult q(z) ≤
b−3
8 . Hence
we have m ≤ b−34 . On the other hand we have n ≥
b+1
4 .
In conclusion, we have m < n, so any singular point P ∈ Uu satisfying condition (2).
H5: This case is similar to case H4.
H6: The origin P of the chart Uy ⊂ Y is a cA/b point, hence GorE(P ) = −∞. All other singular
points is contained in the chart Uu. If b = 2k is even, let X1 → X be the weighted blow-up
with weight (k, k, 1, 1) and let X2 → X1 be the weighted blow-up the origin of Uu,1 ⊂ X1
with weight (k, k, 1, 1). Then the chart Uu,2 ⊂ X2 is isomorphic to the chart Uu ⊂ Y . This
says that every singular points in Uu satisfy condition (3).
H7: The only singular locus of Y is the origin of the chart Uy, which is a cD/3 point defined by
(x2 + y2u+ u3 + z3 + g′(y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
3
(0, 1, 2, 1).
Let Y1 → Y be the weighted blowing-up this point with weight
1
3 (3, 1, 2, 4). The only
singular point on Y1 is the origin of Uu,1 which is a cAx/4 point defined by
(x2 + y2 + u2 + z3 + g′′(y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
4
(1, 3, 2, 1).
After a suitable change of coordinates, this point is isomorphic to
(xu+ y2 + z3 = 0) ⊂ A4(x,y,z,u)/
1
4
(1, 3, 2, 1).
Let Y2 → Y1 be the weighted blowing-up this point with weight
1
4(5, 3, 2, 1). Then Y2 has
only cyclic quotient singularities. This implies that GorE(Y/X) = −∞ so we are in the
case (1).
H8: The only singular locus of Y is the origin of the chart Uy, which is a cAx/4 point defined
by
(x2 + u2 + z3 + y3u+ g′(y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
4
(1, 1, 2, 3).
Let Y1 → Y be the weighted blow-up with weight
1
4 (5, 1, 2, 3). Then the chart Ux,1 ⊂
Y1 is a cyclic quotient singularity and there are no other singular points on Y1. Hence
GorE(Y/X) = −∞ and we are in the case (1).
H9: The only singular locus of Y is the origin of the chart Uy, which is a cD/3 point defined by
(x2 + (y + z)3 + u3 + g′(y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
3
(0, 1, 1, 2).
After a suitable change of coordinates this singularity is isomorphic to
(x2 + y3 + u3 + g′(y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
3
(0, 1, 1, 2).
As in the proof of [1, Lemma 23], one can see that there are several possible ways to resolve
a cD/3 singularities. In the most cases there are only cA or cD singularities appear in the
resolution. The only case that cE6 points may appear is the Subcase 2-3 in [1, Lemma
23]. In this case Y1 → Y is obtained by weighted blowing-up with weight
1
3(6, 4, 1, 5). The
origin Q of the chart Uz,1 ⊂ Y1 is defined by x
2 + y3 + zu3 + g′′(y, z, u). We want to say
that every divisorial contraction to Q is a w-morphism, so we still satisfy the condition (1).
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Assume it is not true, then after a suitable change of coordinates we have Q is of the form
H9 in Table 2. In particular we have y(az + bu)3 ∈ g′′(y, z, u) for some a, b ∈ C. However
it is easy to see that yu3 6∈ g′′(y, z, u) and yz3 ∈ g′′(y, z, u) only if yz17 ∈ g′(y, z, u), which
is also impossible.
H10: One can check that the only singular point on Y is the origin of the chart Ut, which is a
cyclic quotient point. Hence GorE(Y/X) = −∞.
H11: First consider the chart Uu ⊂ Y , which is defined by
(x2 + 1 + ay2 + byz3 + cyz + dz4 + ez2 + ug1(y, z, u) = 0) ⊂ A
4
(x,y,z,u)/
1
2
(1, 1, 1, 1).
Let h(y, z, u) = ay2+ byz3+ cyz+ dz4+ ez2. If a 6= 0 then Uu has at worst cA singularities
since ∂
2
∂y2
h 6= 0. Similar argument says that if c + 3bz2 6= 0, then Uu has at worst cA1
singularities. Now assume that a = c + 3bz2 = 0. We have z 6= 0. ∂∂yh = 0 implies that
b = c = 0. In this case any singular point of Uu is defined by x
2 + (z2 + 1)2 + ug1(y, z, u),
which is also a cA point.
Now it is easy to see that there are only two singular points on Y − Uu, which are the
origins of Uy and Uz, and they are cyclic quotient points.

Now we know that for any divisorial contraction to a Gorenstein point Y → X, the Gorenstein
singularities of Y are better than the singularity of X. Hence one has the following conclusion:
Corollary A.3. Let X be a three-dimensional terminal variety. Then GorE(X) is well-defined.
Next we prove that if P ∈ X is a non-Gorenstein point, then there exists a w-morphism
Y → X such that GorE(P ) = Gor(Y/X). What we exactly need is the following lemma:
Lemma A.4. Assume that Y → X is a divisorial contraction to a non-Gorenstein point which
is not a w-morphism. Then there exists a w-morphism X1 → X such that GorE(Y/X) ≤
GorE(X1/X).
Lemma A.5. Assume that X is a germ of cA/r singularity of the form
(xy + zmr + un + g(zr, u) = 0) ⊂ A4(x,y,z,u)/
1
r
(α,−α, 1, r).
(1) If m = 1, then GorE(X) = −∞.
(2) If n = 2, m ≤ 3 and g(zr, u) = 0, then GorE(X) = −∞.
(3) If n = 2, m ≥ 4 and g(zr, u) = 0, then GorE(X) = (A1, ⌊
m−2
2 ⌋).
Then GorE(X) = −∞.
Proof. Notice that to compute GorE(X), we only need to consider w-morphisms over X because
of Lemma A.4 Case N1. Since X is a cA/r singularity, every w-morphisms over X has the same
singularities. Thus we only need to compute one w-morphism.
To prove (1) (resp. (2)), let X1 → X be the weighted blow-up with weight
1
r (α, r − α, 1, r)
(resp. 1r (α, 2r−α, 1, r)). Then one can check that X1 contains only cyclic quotient singularities
or cA/r singularities which also satisfy (1), hence GorE(X) = GorE(X1) = −∞.
Now assume that n = 2, m ≥ 4 and g(zr, u) = 0. In this case let X1 → X the weighted
blow-up with weight 1r (α, 2r − α, 1, r). Then the only singular point of X1 is the origin of the
chart Uz, which is defined by xy + u
2 + zm−2. Hence GorE(X) = (A1, ⌊
m−2
2 ⌋). 
Proof of Lemma A.4. We discuss every cases in Table 3.
N1: Every non-cyclic-quotient points sre contained in Uu ⊂ Y . Let X1 → X be the weighted
blow-up with weight 1r (α, rm − α, 1, r). Let Xi+1 → Xi be the weighted blowing-up the
origin of Uu,i ⊂ Xi with weight
1
r (α, rm − α, 1, r). Then we have the chart Uu,a ⊂ Xa is
isomorphic to Uu ⊂ Y . Hence
GorE(Y/X) = GorE(Uu,a/X) ≤ GorE(Xa/X) ≤ GorE(X1/X).
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No. defining equations
(r; ai)
weight
type
a(X,E)
condition
N1 xy + zrm + g≥ma(z, u)
(r;α,−α, 1, r)
1
r (b, c, a, r)
cA/r
a/r
b ≡ aα,
b+ c = rma
N2 x2 + y2u+ zm + g≥b+1(x, y, z, u)
(2; 1, 1, 1, 0)
1
2(b+ 2, b, a, 2)
cD/2
a/2
g(x, y, 0, 0) = 0
∂2
∂x2
g(x, y, z, u) = 0
∂2
∂y2
g(x, y, z, u) = 0
ma = 2b+ 2
a and b are odd
N3

 x
2 + yt+ g≥b+2(z, u)
yu+ zm + p b
2
+1(z, u) + t
(2; 1, 1, 1, 0, 1)
1
2(b+ 2, b, a, 2, b + 4)
cD/2
a/2
ma = b+ 2
a and b are odd
N4 x2 + y2u+ z4b + g≥4b(y, z, u)
(2; 1, 1, 1, 0)
(2b, 2b, 1, 1)
cD/2
1
N5 x2 + yzu+ y4 + zb + uc
(2; 1, 1, 1, 0)
(2, 1, 2, 1)
cD/2
1
b, c ≥ 4
b is even
N6


x2 + ut+ λyzb+2 + αz2b+2 + g≥2b+2(y, z, u)
y2 + µxzb−1 + βz2b + p2b(x, z, u) + t
(2; 1, 1, 1, 0, 0)
(b+ 1, b, 1, 1, 2b + 1)
cD/2
1
∂2
∂y2 g(y, z, u) = 0
∂2
∂x2 p(x, z, u) = 0
b odd and α2 + βλ2 6= 0, or
b even and β2 + αµ2 6= 0
N7

x
2 + ut+ y4 + z4
yz + u2 + t
(2; 1, 1, 1, 0, 0)
(2, 1, 1, 1, 3)
cD/2
1
N8

 x
2 + yt+ g≥4b+2(z, u)
yu+ z2b+1 + p2b+1(z, u) + t
(2; 1, 1, 1, 0, 1)
(2b+ 1, 2b, 1, 1, 2b + 2)
cD/2
1
N9


x2 + ut+ λyz
b+3
4 + µ′z
b+1
2 + g≥b+1(y, z, u)
y2 + λ′xz
b−3
4 + µz
b−1
2 + pb−1(x, z, t) + t
(2; 1, 1, 1, 0, 0)
( b+12 ,
b−1
2 , 2, 1, b)
cD/2
2
b = 8k + 1 and λµ 6= 0, or
b = 8k + 7, λ′µ′ 6= 0
N10
x2 + y3 + z4 + u8+
λy2u2 + g≥8(y, z, u)
(2; 1, 0, 1, 1)
(4, 3, 2, 1)
cE/2
1
∂2
∂y2
g(y, z, u) = 0
Table 3. Divisorial contractions to non-Gorenstein points with large disprepancies
N2: Notice that every non-cyclic-quotient points are contained in Uu ⊂ Y . Let k =
m−2
2 , which
is an odd integer. Let X1 → X be the weighted blow-up with weight
1
2(k + 2, k, 1, 2). Let
X2 → X1 be weighted blowing-up the origin of Uu,1 ⊂ X1 with weight
1
2 (k, k + 2, 1, 2) and
let X3 → X2 be weighted blowing-up the origin of Uu,2 ⊂ X2 with weight
1
2 (b−m+ 1, b−
m,a− 2, 2). One can see that Uu,3 ⊂ X3 is isomorphic to Uu ⊂ Y , hence
GorE(Y/X) = GorE(Uu,3/X) ≤ GorE(X3/X) ≤ GorE(X1/X).
N3: This case is similar to N2. We let X1 → X be the weighted blow-up with weight
1
2(m,m−
2, 1, 2,m + 2), X2 → X1 be weighted blowing-up the origin of the chart Uu,1 ⊂ X1 with
weight 12(m,m + 2, 1, 2,m − 2), and X3 → X2 be weighted blowing-up the origin of the
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chart Uu,2 ⊂ X2 with weight
1
2(b − 2m + 2, b− 2m,a − 2, 2, b − 2m+ 4). One can see that
Uu,3 ⊂ X3 is isomorphic to Uu ⊂ Y , hence
GorE(Y/X) = GorE(Uu,3/X) ≤ GorE(X3/X) ≤ GorE(X1/X).
N4: The origin P of the chart Uy ⊂ Y is a cA/4b point defined by
(x2 + yu+ z4b + g′(y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
4b
(0, 1, 2b − 1, 1).
Thus GorE(P ) = −∞ by Lemma A.5 (1). All other singular points of Y is contained in
the chart Uu. Let X1 → X be the weighted blow-up with weight
1
2 (2b + 1, 2b − 1, 1, 2)
and let X2 → X1 be weighted blowing-up the origin of the chart Uu,1 ⊂ X1 with weight
1
2(2b − 1, 2b + 1, 1, 2). Then we have that the chart Uu,2 ⊂ X2 is isomorphic to Uu ⊂ Y .
This shows that
GorE(Y/X) = GorE(Uu,2/X) ≤ GorE(X2/X) ≤ GorE(X1/X).
N5: There are two possible singular points on Y . The origin P of the chart Uu ⊂ Y is a cA/2
point which is locally isomorphic to
(x2 + yz + uc−4) ⊂ A4(x,y,z,u)/
1
2
(1, 1, 1, 0).
We have GorE(P ) = −∞ by Lemma A.5 (1). The origin Q of the chart Uz ⊂ Y is a cA/4
point which is locally isomorphic to
(x2 + yu+ z2b−4) ⊂ A4(x,y,z,u)/
1
4
(0, 1, 1, 3).
By Lemma A.5, we know that if b ≤ 8 then GorE(Q) = −∞, and when b ≥ 10 we have
GorE(Q) =
(
A1, ⌊
b
2 − 3
2
⌋
)
.
Clearly if b ≤ 8 the the statement is true. Now assume that b ≥ 10. Let X1 → X be the
weighted blow-up with weight 12(3, 3, 1, 2). The origin of the chart Uz is locally isomorphic
to by x2 + yu+ z
b
2
−3 and so
GorE(X1) ≥
(
A1, ⌊
b
2 − 3
2
⌋
)
= GorE(Q) = GorE(Y ).
N6: One can check that Y − Uu has only a cyclic quotient singularity (the origin of the chart
Ut). Note that X is isomorphic to
(x2 + y2u+ g(x, y, z, u) = 0) ⊂ A4(x,y,z,u)/
1
2
(1, 1, 1, 0).
When b is even (resp. b is odd) let X1 → X be the weighted blow-up with weight
1
2 (b +
1, b + 1, 1, 2) (resp. 12 (b + 2, b, 1, 2)) and let X2 → X1 be weighted blowing-up the origin
of the chart Uu,1 ⊂ X1 with weight
1
2(b + 1, b − 1, 1, 2) (resp.
1
2(b, b, 1, 2)). Then the chart
Uu,2 ⊂ X2 is isomorphic to Uu ⊂ Y . Hence
GorE(Y/X) = GorE(Uu,2/X) ≤ GorE(X2/X) ≤ GorE(X1/X).
N7: The only singular point on Y is the origin of the chart Ut, which is a
1
6(1, 5, 1) point. Hence
GorE(Y/X) = −∞.
N8: The origin of the chart Ut ⊂ Y is a cyclic quotient point of type
1
4b+4 (1, 2b + 1,−1). All
other singularities is contained in the chart Uu ⊂ Y . Let X1 → X be the weighted blow-up
with weight 12(2b+ 1, 2b − 1, 1, 2, 2b + 3). The chart Uu,1 ⊂ X1 is defined by
(x2 + t2u+ tz2b+1 + g′(t, z, u) = 0) ⊂ A4(x,t,z,u)/
1
2
(1, 1, 1, 0).
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No. Reference
G1 [8, Theorem 1.2 (i)]
G2-G5 [5, Theorem 2.1-2.5]
G6-G24 [6, Theorem 1.1]
H1 [10, Theorem 2.6]
H2, H3 [8, Theorem 1.2 (ii)]
H4 [10, Theorem 2.2]
H5 [10, Theorem 2.3]
H6, H7 [10, Theorem 2.4]
H8 [10, Theorem 2.7]
H9 [10, Theorem 2.5]
H10 [10, Theorem 2.9]
H11 [10, Theorem 2.10]
N1 [8, Theorem 1.2 (i)]
N2, N3 [8, Theorem 1.2 (ii)]
N4-N8 [4, Theorem 1.1]
N9 [9, Theorem 2]
N10 [4, Theorem 1.2]
Table 4. References for Table 1, 2 and 3
Let X2 → X1 be weighted blowing-up the origin of the chart Uu,1 ⊂ X1 with weight
1
2(2b + 1, 2b + 1, 1, 2). One can see that the chart Uu,2 ⊂ X2 is isomorphic to the chart
Uu ⊂ Y . Hence
GorE(Y/X) = GorE(Uu,2/X) ≤ GorE(X2/X) ≤ GorE(X1/X).
N9: One can see that every singular points are contained in the chart Uu ⊂ Y except for the
origin of the chart Ut, which is a cyclic quotient point of the form
1
2b(1,−1, b + 4). If
b = 8k + 1 define X1 → X be the weighted blow-up with weight
1
2 (2k + 1, 2k + 1, 1, 2). For
i = 1, ..., 3, let Xi+1 → Xi be weighted blowing-up the origin of the chart Uu,i with weights
1
2(2k + 1, 2k − 1, 1, 2),
1
2(2k − 1, 2k + 1, 1, 2) and
1
2(2k + 1, 2k − 1, 1, 2) respectively. When
b = 8k+7 we constructXi by weighted blowing-up the following weights
1
2(2k+3, 2k+1, 1, 2),
1
2(2k + 1, 2k + 3, 1, 2),
1
2(2k + 3, 2k + 1, 1, 2) and
1
2(2k + 1, 2k + 1, 1, 2). One can check that
Uu,4 ⊂ X4 is isomorphic to Uu ⊂ Y . Hence
GorE(Y/X) = GorE(Uu,4/X) ≤ GorE(X4/X) ≤ GorE(X1/X).
N10: Every possible singular points on Y is contained in the chart Uz ⊂ Y exception the origin
of Uy, which is a cyclic quotient point. On the other hands, let X1 → X be the weighted
blow-up with weight 12(3, 2, 3, 1) and let X2 → X1 be weighted blowing-up the origin of the
chart Uz,1 ⊂ X1. One has Uz,2 ⊂ X2 is isomorphic to Uz ⊂ Y . Hence
GorE(Y/X) = GorE(Uz,2/X) ≤ GorE(X2/X) ≤ GorE(X1/X).
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